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The focus of this study is the development of elastic-viscoplastic, three-dimensional, 
finite-deformation constitutive models to describe the large deformation behavior of 
Bulk Metallic Glass (BMG) composites at room and high homologous temperatures, 
as well as at different strain rates. Firstly, a macroscopic theoretical model is 
proposed, based on thermodynamic considerations, to describe the response at 
ambient temperature and pressure, as well as at different strain rates. A constitutive 
equation that is consistent with the principle of thermodynamics and the augmenting 
of free energy, is derived. This is done by assuming that deformation within the 
constituent phases of the composite is affine; kinetic equations defining the plastic 
shear and evolution of free volume concentration are then derived. A monolithic La-
based BMG alloy with a composition of La62Al14Cu12Ni12, a recently-developed in-
situ BMG composite alloy comprising La74Al14Cu6Ni6 with a 50% crystalline volume 
fraction, and pure polycrystalline lanthanum (La100) are studied in terms of their 
deformation characteristics. Specimen samples were cast in-house and compression 
tests over a range of strain rates at ambient temperature performed. A time-integration 
procedure to implement the constitutive model in the Abaqus/Explicit finite element 
code was written, using the user-material subroutine VUMAT. The material 
parameters in the constitutive equations were determined and calibrated for use in the 
code. The constitutive model established is able to describe stress-strain and shear 
localization responses that correlate well with experimental data. It also has the 
potential to define the behavior of in-situ BMG composites with various amorphous 
and crystalline volume fractions. 
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Next, compression tests over a range of strain rates and within the supercooled region 
(between the glass transition and crystallization temperatures) were performed on an 
in-house cast monolithic La-based BMG alloy with a composition of 
La61.4Al15.9Cu11.35Ni11.35, an in-situ BMG composite alloy comprising La74Al14Cu6Ni6 
with a 50% crystalline volume fraction, and pure polycrystalline lanthanum (La100). 
They were studied in terms of their deformation characteristics. Experimental 
evidence shows that the stress-strain response of the BMG composite in the 
supercooled region is not a combination of the behavior of monolithic BMG (the 
amorphous phase of the composite) and pure lanthanum (the crystalline phase of the 
composite). This is in contrast to the stress-strain response of BMG composites at 
room temperatures, whereby homogenization can be used to predict the overall 
behavior of BMG by assuming that the amorphous and crystalline phases experience 
affine deformation. XRD pattern analysis of the BMG composites reveals the 
formation of intermetallic compounds during compressive deformation. These 
intermetallic compound formation/interactions have energetic origins and affect the 
stress-strain response of the material. A three-dimensional constitutive equation for 
in-situ BMG composites based on finite-deformation macroscopic theory and 
experimental data, for application at high homologous temperature and different strain 
rates is then established. This constitutive model is based on isotropic plasticity and 
well-established momentum and energy balance laws, as well as the Second Law of 
Thermodynamics. Kinetic equations defining plastic shear, evolution of free volume, 
and crystallization evolution are also derived. The constitutive model is then 
implemented in the Abaqus/Explicit finite element code via a user-material subroutine 
VUMAT. The constitutive model is able to describe stress-strain response of the in-
situ BMG composite and display good correlation with experimental data. 
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Scalars (zeroth-order tensors) are denoted by Greek alphabets ሺߙ, ߚ, ߛ, … ሻ or by lower 
case Roman alphabets ሺa, b, c, … ሻ. 
Vectors (first-order tensors) are denoted by bold lower case Roman 
alphabetsሺ܉, ܊, ܋, … ሻ. 
Dyadics (second-order tensors) second order are denoted by by bold upper case 
Roman alphabets ሺۯ, ۰, ۱, … ሻ 
׏  denotes gradient in the reference configuration 
Div denotes divergence in the reference configuration 
grad denotes gradient in the deformed configuration 
div denotes divergence in the deformed configuration 
ۯT denotes the transpose of the tensor ۯ 
ۯି૚ denotes the inverse of the tensor ۯ 
trሺۯሻ denotes the trace of the tensor ۯ 
ۯ . ۰ denotes the inner product of tensors ۯ and ۰ 
ۯିT ൌ ሺۯି૚ሻT denotes the inverse transpose of tensor ۯ 
symሺۯሻ ൌ(1/2)ሺۯ ൅ ۯTሻ denotes the symmetric portion of tensor ۯ 
skwሺۯሻ ൌ(1/2)ሺۯ െ ۯTሻ  denotes the skew portion of tensorۯ 
|ۯ| ൌ √ۯ .  ۯ denotes the magnitude of  ۯ 
ۯ଴ ൌ ۯ െ ሺ1/3ሻtrሺۯሻ૚ denotes deviatoric portion of tensor ۯ 
sym଴ሺۯሻ  denotes the symmetric-deviatoric parts of tensor ۯ 
܉۪܊ denotes tensor product of two vectors (dyad) 
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Chapter 1 - Introduction 
1.1 Introduction 
When certain molten metallic alloys are rapidly quenched, they solidify to form a 
disordered microstructure referred to as a metallic amorphous alloy or metallic glass. 
This is in contrast to most conventional metals or alloys, which cool from a liquid 
melt at a moderate or slow rate, and solidify with a highly ordered microstructure 
defined by a crystal lattice. In crystalline metals, dislocations play a primary role in 
inelastic deformation; the grain boundaries represent weaker areas compared to the 
ordered crystalline packing, and thus constitute sites where fracture and corrosion can 
initiate.  
In amorphous alloys, dislocations and structural defects are absent; hence, such 
materials can possesses high tensile yield strengths ሺ~2 GPaሻ. These metallic 
amorphous alloys are highly corrosion and wear resistant, and have a relatively large 
elastic elongation ሺ2% െ 3%ሻ (Telford, 2004). Metallic glass was first synthesized in 
the form of thin ribbons of Au-Si, at Caltech in 1960 (Klement et al., 1960). A high 
cooling rate of ~10଺ °Ksିଵ from ~1300 ୭C to room temperature was applied to 
bypass crystallization; this restricted the size of samples produced to the micrometer 
range. Fabricating Bulk Metallic Glass (BMG) alloys a few centimeters in size is 
relatively new, and dates to the late 1980s and early 1990s (Inoue et al.; Peker and 
Johnson, 1993). Commercial BMG was first produced in 1992 by Johnson and Peker 
ሺZrସଵ.ଶCuଵଶ.ହNiଵ଴Tiଵଷ.଼Beଶଶ.ହሻ, who used a cooling rate of 10 °Ksିଵ; this material is 
known as Vitreloy 1 (Peker and Johnson, 1993).  
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All metallic glasses exhibit brittle behavior for loading at room temperature and fail 
catastrophically via one dominant shear band (under uniaxial or plane stress), or 
multiple shear bands (under plane strain or loading involving mechanically 
constrained geometries) (Hays et al., 2000; Sun et al., 2007). Because of the lack of 
dislocations and grain boundaries in amorphous alloys, the mechanism of inelastic 
deformation is fundamentally different from that of crystalline metals. Typically, 
there are two modes of deformation for BMGs: first, homogenous flow occurs, in 
which every element within the specimen contributes to the strain; this takes place at 
low stresses and high temperatures ሺܶ ൐ 0.7 ௚ܶ, where ௚ܶ is the glass transition 
temperature). Such deformation can be described by Newtonian viscous flow for low 
strain rates and by non-Newtonian viscous flow for higher strain rates. Alternatively, 
inhomogeneous deformation occurs, in which the strain is localized within a few very 
thin shear bands, and this happens at high stress levels and at room temperature 
(ܶ ا ௚ܶሻ (Dubach et al., 2009; Spaepen, 1977). By increasing the temperature, the 
deformation mechanism in BMGs changes from brittle (inhomogeneous flow and 
sudden failure) to ductile (homogenous flow). In addition, a decrease in the elastic 
modulus is observed at higher temperatures (Lu et al., 2003). BMGs also exhibit 
strong strain rate dependence at high temperatures, and an increase in strain rate leads 
to a transition from homogenous to inhomogeneous deformation (Lu et al., 2003). 
There are two hypotheses for the formation of shear bands in inhomogeneous 
deformation. The first, which is widely accepted, suggests that during deformation, 
creation of free volume causes a decrease in viscosity within shear bands, which in 
turn decreases the density of the glass (Spaepen, 1977). The second hypothesis asserts 
that local adiabatic heating beyond the glass transition temperature, or even the 
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melting temperature, occurs, decreasing the viscosity by several orders of magnitude 
(Leamy et al., 1972). Experiments estimate local temperature increases from less than 
0.1 K to a few thousand K in the shear bands (Lewandowski and Greer, 2006; Wright 
et al., 2001). Nevertheless, the conclusion is that the temperature increase is a 
consequence of, and not the cause of shear band formation (Lewandowski and Greer, 
2006).Generally, BMGs do not exhibit strain hardening and their plastic deformation 
is influenced by both shear and normal stresses on slip planes (Li et al., 2003), or 
shear stress and hydrostatic pressure (Lu, 2002). 
The inherent brittleness of BMG has limited its structural applications; therefore, 
many researchers recognize the need for BMG composites to have their ductility 
enhanced to prevent catastrophic failure. BMG composites fall into two groups: 
intrinsic (or in-situ) and extrinsic (or ex-situ). In both cases, the amorphous BMG 
phase acts as a matrix that provides extreme strength for the ductile-phase component, 
which is expected to suppress catastrophic failure. Ex-situ composites involve 
mechanically combining glass-forming alloys with other materials, such as ceramic 
fibers, particles, or wire metals such as W, Ta, Nb. In-situ composites are made by 
nucleation of a reinforcing crystalline phase from the solution melt during cooling and 
solidification (Conner et al., 2000; Fan and Inoue, 2000; Hays et al., 2000; Hofmann, 
2009; Lee et al., 2004; Qiao et al., 2009; Telford, 2004) 
The main objective of the current work is to develop three-dimensional constitutive 
equations for in-situ BMG composites based on finite-deformation macroscopic 
theories and experimental data, for application at ambient temperatures and within 
supercooled regions (temperatures between the glass transition and crystallization) 
and ambient pressure, as well as different strain rates. The Second Law of 
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Thermodynamics constitutes the basis of this approach and this topic appears yet to be 
explored. In this study, a La-based in-situ BMG composite is examined, in line with 
the work of Lee et al (2004), who undertook a systematic study of the effect of ductile 
phase volume fraction on various mechanical properties (Lee et al., 2004). 
 
1.2 Thesis Outline 
In Chapter 2 a literature review of investigations related to the evolution of Bulk 
Metallic Glasses (BMGs) and Bulk Metallic Glass composites (BMG composites) 
over the past few decades, and their unique mechanical properties, are presented. A 
brief introduction on different types of deformation behavior of BMGs and the effects 
of temperature and strain rates is presented. Also, some physical concepts such as 
free-volume and pressure-sensitivity, which have some influence on the mechanical 
properties of BMGs and which are used in the development of constitutive models in 
subsequent chapters are introduced. 
In chapter 3, a detailed description of the development of an elastic-viscoplastic, 
three-dimensional, finite-deformation constitutive model to describe the large 
deformation behavior of Bulk Metallic Glass (BMG) composite is presented. A 
macroscopic theoretical formulation, which is consistent with thermodynamic 
considerations, is proposed to describe the response at ambient temperature and 
pressure, as well as at different strain rates. To develop a constitutive equation for an 
in-situ BMG composite, it is assumed that the amorphous and crystalline phases in the 
composite experience affine deformation. Furthermore, each phase is considered to be 
homogenous, with its own respective kinetic relationship. The constitutive model is 
subsequently implemented in a finite-element program (Abaqus/Explicit) via a user-
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defined material subroutine. Numerical predictions are compared with experimental 
results from tests on La-based in-situ BMG composite (La-Al-Cu-Ni) specimens cast 
in-house. 
Finally, in Chapter 4, a coupled thermo-mechanical constitutive description of bulk 
metallic glass composites for high homologous temperature applications is developed, 
to describe the behavior of the La-based in-situ BMG composite in the supercooled 
region, and at different strain rates. Experimental stress-strain responses of La-based 
in-situ BMG composites, monolithic BMG and pure lanthanum (all cast in-house) in 
the range of supercooled temperatures, provide the basis for the development of 
constitutive theories. Unlike the homogenization approach employed in the 
development of the constitutive model, as described in Chapter 3, the experimental 
stress-strain response of the BMG composite at high homologous temperatures exhibit 
that the individual responses of monolithic BMG and crystalline lanthanum, - i.e. the 
amorphous phase and the crystalline phase of the composite cannot be combined with 
a homogenization approach to derived the constitutive model. The constitutive model 
for a BMG composite at high temperatures is therefore developed by considering it as 
a uniform homogenous material with isotropic properties and its own kinetic 
relationships. XRD spectra analysis of BMG composites is also undertaken and 
reveals the formation of intermetallic compounds during deformation. Attention is 
paid to these intermetallic compounds, their energetic origins and their effects on the 




Chapter 2 - Background and literature review 
 
2.1 Metallic glass and glass forming ability 
A metallic glass is a metallic alloy that contains an amorphous structure rather than a 
crystalline one. An amorphous structure is typically produced by the rapid cooling of 
particular molten alloys. In 1960, the first binary metallic glass alloy, Au଻ହSiଶହ, was 
fabricated in the form of a foil with a thickness of a few micrometers. This was done 
by cooling a molten alloy from ~1300୭C to room temperature at a cooling rate of 
~10଺ °Ksିଵ (Klement et al., 1960). The critical thickness of the sample is governed 
by the heat conduction rate; if the cooling rate is sufficiently rapid, atoms do not have 
enough time or energy to rearrange and nucleate crystallinity and will solidify in a 
liquid state. In the 1970s and 1980s, techniques for continuous casting were 
developed, and commercialized metallic glass ribbons, sheets and wires were 
produced for magnetic applications, such as low-loss power distribution transformer 
cores (Telford, 2004; Wang et al., 2004). By defining the millimeter scale as bulk, the 
first bulk metallic glass was the ternary Pd-Cu-Si produced by Chen in 1974 (Chen, 
1974), with a diameter of 1-3 mm, using a simple suction casting method and a 
cooling rate of 1000 °Ksିଵ. In 1982 and 1984, Turnell and his co-workers developed 
the well known Pd-Ni-P bulk metallic glass via a cooling rate of 1 °Ksିଵ, and it was 
the thickest BMG ሺdiameter ~6݉݉ to 10 ݉݉ሻ reported at that time (Drehman et 
al., 1982; Kui et al., 1984). Although the formation of Pd-based BMG was a great 
success, the high cost of Pd restricted activities to the research arena. In the 1980s, 
several solid-state amorphization techniques were developed based on mechanisms 
completely different from rapid quenching, such as: mechanical alloying (a mixture of 
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metal powders subjected to a series of compression forming processes rollers; by 
reducing the size of the sample to the micro range, amorphous material can be 
obtained); diffusion-induced amorphization in multiple layers (a solid-state glass 
forming reaction between a polycrystalline film deposited on a surface of a single 
crystal irradiated by energetic inert gas ions); hydrogen absorption (some 
polycrystalline structures transform into an amorphous hydride by exposure to 
hydrogen gas), and many other methods (Johnson, 1986). In the late 1980s, Akihisa 
Inoue and his co-worker at Tohoku University discovered a strongly glass-forming 
multi-component alloy system consisting of common metallic elements such as La- , 
Mg-, Zr-, Fe- and Ti- , using a much lower critical cooling rates ሺܴ௖ሻ (Inoue, 2000).  
BMGs are created by cooling metal rapidly from the melting temperature ሺ ௠ܶሻ to 
below the glass transition temperature ሺ ௚ܶሻ. If this cooling process is infinitely high, 
the liquid will be frozen as a glass, because nucleation and growth will be completely 
suppressed; naturally, achieving such a high cooling rate is extremely difficult. 
However there are some factors that retard crystallization kinetics and enable the 
freezing of a glass form: (1) a multi component system consisting of three or more 
elements; (2) atomic radius mismatch (greater than ~12%ሻ in the atomic size of the 
main constituent elements; (3) elements that have negative heats of mixing; (4) a large 
value of the reduced glass transition temperature, defined as ௥ܶ௚ ൌ ௚ܶ ௠ܶ⁄ , usually 
leads to greater glass forming ability (GFA) of the alloy (the GFA is defined as the 
maximum thickness that a metallic glass sample can be formed without 
crystallization); (5) using alloy compositions that are close to being deep eutectic (a 
mixture which has a melting point much lower than either of the individual 
components), which form stable liquid at low temperatures (Inoue, 2000; Miller and 
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Liaw, 2007; Telford, 2004). Figure 2.1 shows the relationship between the critical 
cooling rate ሺܴ௖ሻ, maximum sample thickness ሺݐ௠௔௫ሻ and reduced glass transition 
temperature ሺ ௥ܶ௚ሻ. 
 
Figure 2.1 - Relationship between critical cooling rate (Rc) maximum sample thickness (tmax) and 
reduced glass transition temperature (Trg)  (Inoue, 2000). 
 
Weak glass formers can be produced by splat quenching and bulk glass formers can 
be produced through copper-mold casting. One of the best glass formers is 
Pdସ଴Cuଷ଴Niଵ଴Pଶ଴, with ܴ௖ ൏ 1 °Ksିଵ and a GFA of 7.2 cm (Nishiyama and Inoue, 
1997). Vitreloy 1 has a cooling rate of ~10 °Ksିଵ and a GFA of 2.5 cm (Peker and 
Johnson, 1993). More information related to the formation of BMGs can be found in 
the work of Li et al. (2007). 
 
2.2 Mechanical properties of Bulk Metallic glass and Bulk metallic glass 
composites. 




Figure 2.2 - Typical strength and elastic limit for various materials (Telford, 2004). 
 
Compared to crystalline steel and Titanium alloys, Zr-based BMG has a similar 
density but a higher strength, and a higher elastic limit comparable to polymers. Their 
high strength-to-weight ratios makes them good candidates for the replacement of 
aluminum. BMGs are highly elastic and exhibit minimal damping properties; 
(Telford, 2004). 
Figure 2.3 illustrates the relationship between the Young’s modulus ሺܧሻ, tensile 
fracture strength ሺߪ௧,௙ሻ and Vickers hardness ሺܪ௏ሻ for typical BMGs (Inoue, 2000). It 
can be seen that BMGs have higher tensile fracture strengths and Vickers hardnesses, 




Figure 2.3 - Variation of tensile fracture strength and Vickers Hardness with Young’s modulus for 
various bulk amorphous alloys (Inoue, 2000). 
 
Plastic deformation at room temperature and high stress occurs in a few localized 
shear bands associated with inhomogeneous flow. Deformation at high temperature 
and low stress is homogeneous, whereby every volume element in a specimen 
contributes to the overall strain. Figure 2.4 shows the transition in the deformation 
behavior of a metallic glass with temperature, stress and strain rate. Flow stress is 
normalized with respect to the temperature-dependent shear modulus (i.e. ߬ ߤ⁄  ). In 
inhomogeneous deformation, the flow stress is almost constant and the stress is very 
rate insensitive (Spaepen, 1977). Figure 2.5 shows the effect of temperature on the 
compressive uniaxial stress-strain behavior of Vitreloy 1 at a strain rate of  1.0 ൈ




Figure 2.4 - Deformation transition map for various types of deformation in a metallic glass. Flow 
stress is normalized with respect to the temperature-dependent shear modulus (i.e./). Tg is the glass 
transition temperature, Tc the crystallization temperature, and Tl the liquid temperature of crystalline 
material with the same composition (Spaepen, 1977). 
 
 
Figure 2.5 - Effect of temperature on the compressive uniaxial stress-strain behavior of Vitreloy 1 at a 
strain rate of 1.0×10-1 s-1 (Lu et al., 2003). 
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It can be seen that as the temperature is increased, the mechanism of deformation 
changes from brittle (inhomogeneous flow and sudden failure) to ductile 
(homogenous flow). In addition, a decrease in the elastic modulus is observed at 
higher temperatures (Lu et al., 2003). BMGs also exhibit strong strain rate 
dependence at high temperatures, and Figure 2.6 illustrates stress-strain curves 
obtained from uniaxial compression tests at 643 °K. It is evident that an increase in 
strain rate leads to a transition from homogenous to inhomogeneous deformation (Lu 
et al., 2003). 
 
Figure 2.6 - Effect of strain rate on the compressive uniaxial stress-strain behavior of Vitreloy 1 at 
temperature T=643° K (Lu et al., 2003). 
 
Many researchers have discussed the possibility of adiabatic temperature increase 
during shear band propagation, and possibly even local melting during fracture. 
Experiments estimate local temperature increases from less than 0.1 K to a few 
thousands K (Lewandowski and Greer, 2006; Wright et al., 2001). The conclusion is 
that the temperature increase is a consequence of, and not a cause of shear band 
formation (Lewandowski and Greer, 2006). 
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Dubach et al. (2009) carried out a systematic study on Vit105 
(Zrହଶ.ହTiହCuଵ଻.ଽNiଵସ.଺Alଵ଴) BMG over a wide range of temperatures ሺ77 െ 673 °Kሻ 
and strain rates ሺ3.3 ൈ 10ିହ െ  0.2 sିଵሻ. Their findings show that temperature and 
strain rate are interrelated. This means that for each temperature, there is a critical 
strain rate ߳ሶ௖ at which serrated flow occurs (Figure 2.7); correspondingly, for each 
strain rate, there is a critical temperature ௖ܶ at which this transition occurs.  
 
Figure 2.7 – Appearance and disappearance of serrated flow in Vit105 by changing the strain rate 
measured at 195°K (Dubach et al., 2009). 
 
They showed that asymptotic strain rate sensitivity (ASRS) can change from positive 
to negative, as defined by 
 ݉∞ ൌ ሺ߲lnߪ௦ ߲⁄ ln߳ሶሻఢ (3.1) 
where ߪ௦  is the constant flow stress under steady-state conditions and ߳ሶ is the strain 
rate. Figure2.8 illustrates the difference between a positive and a negative ASRS. The 
ASRS characterizes the steady-state behavior after a (possible) transition in the stress 
level. It is seen that for a constant temperature, a change in the strain rate from ߳ሶଵ to 
߳ሶଶ ሺ߳ሶଵ ൏ ߳ሶଶሻ followed by deformation back at ߳ሶଵ after the stress overshoot (the 
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difference between peak stress and steady stress) the stress can level off (a) at a higher 




Figure 2.8 - Illustration of the stress response to a strain rate change ሺࣕሶ ૚ ൏ ࣕሶ ૛ሻ at a constant 
temperature; (a) positive asymptotic ASRS (m∞ > 0), (b) negative asymptotic ASRS (m∞< 0) (Dubach 
et al., 2009).  
 
With respect to the ASRS, three temperature regimes for Vit105 can be distinguished: 
(I) at very low temperatures (below ~200 °Kሻ the ASRS is positive; there is no 
serration in flow, the deformation is inhomogeneous and shear bands are present in 
deformed specimens; (II) At intermediate temperatures ሺ200 െ 380 °Kሻ the ASRS is 
negative, deformation proceeds by shear banding and there are fluctuations in the 
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progression of deformation; (III) at elevated temperatures, the ASRS is positive and 
deformation is homogenous in space and time (Dubach et al., 2009). 
It should be mentioned that instantaneous strain rate sensitivity (ISRS), which is also 
determined by strain rate jump tests, describes the instantaneous change in the flow 
stress ሺߪ௜ሻ associated with a change in strain rate ሺ߳ሶሻ, and is an inherently positive 
parameter defined by (Dubach et al., 2009; McCormick, 1988) 
 ݉௜ ൌ ሺ߲lnߪ௜ ߲⁄ ln߳ሶሻఢ. (1.2) 
Nanocrystal formation and aggregation have been reported in some BMGs. This 
phenomenon has as an important effect on the mechanical properties in the 
supercooled region and is associated with non-Newtonian behavior and an increase in 
the flow stress (Bae et al., 2002; Nieh et al., 2001; Wang et al., 1999). It is known that 
nanocrystallization in BMGs is temperature, strain/strain rate dependent and 
hydrostatic pressure assisted (Jiang et al., 2003; Nieh et al., 2001; Wang et al., 1999). 
Figure 2.9 shows the stress-strain response of Cu-Ti-Zr-Ni-Sn-Si metallic glass under 
uniaxial tension at a temperature of 477°C (within in the supercooled region) and a 




Figure 2.9 - Uniaxial tensile stress-strain response of Cu-Ti-Zr-Ni-Sn-Si metallic glass at 477°C 
(within the supercooled region) and a strain rate of 2×10-3s-1 (Bae et al., 2002). 
 
It is seen that the stress reaches a peak after yielding and then the material softens 
significantly with strain. After a brief plateau, the stress level raises again and finally, 
the alloy fails in a brittle manner. It is believed that naocrystallization is the source 
strengthening in the secondary strain hardening region (Bae et al., 2002; Nieh et al., 
2001). 
Recent efforts to improve ductility at room temperature have focused on fabricating 
metallic glass composites. Various composites have been formed by introducing 
ductile-phase reinforcement materials. BMG composites fall into two groups: intrinsic 
(or in-situ) and extrinsic (or ex-situ). In both cases, the amorphous BMG phase acts as 
a matrix that provides extreme strength for the ductile-phase component, which is 
expected to suppress catastrophic failure. Ex-situ composites involve mechanically 
combining glass-forming alloys with other materials, such as ceramic fibers, particles, 
or wire metals such as W, Ta, Nb. In-situ composites are made by nucleation of a 
reinforcing crystalline phase from the solution melt during cooling and solidification 
(Conner et al., 2000; Fan and Inoue, 2000; Hays et al., 2000; Hofmann, 2009; Lee et 
 17 
 
al., 2004; Qiao et al., 2009; Telford, 2004). Figure 2.10 shows backscattered SEM 
images of the cross-section of a monolithic La-based amorphous alloy, and in-situ 
BMG composites. Based on quantitative image analysis, it is found that by changing 
the value of ݕ in the La଼଺ି୷AlଵସሺCu, Niሻ୷ composition from 24 to 1, the volume 
fraction of the crystalline phase increases from 0% to ~50% (Lee et al., 2004)1. 
 
Figure 2.10 - SEM Backscattered images of polished and chemically etched La-based monolithic BMG 
and in-situ composites. The brighter phase is the amorphous matrix phase and the crystalline phase is 
darker. The composition is (La86-yAl14(Cu, Ni)y), with (a) y = 24, Vf   0%, (b) y = 20, Vf   7%, (c) y = 
16, Vf   37%, (d) y = 12, Vf   50%, where Vf is the volume fraction of the crystalline phase, darker 
phases are crystalline hcp lanthanum in the form of dendrites (Lee et al., 2004). 
 
In the preceding figure, the darker phases correspond to crystalline lanthanum in the 
form of dendrites and the brighter phases are the amorphous matrix. Figure 2.11 
illustrates uniaxial compressive and tensile test results for this La-Based BMG 
                                                            
1 In the next chapters, the constitutive models developed for in-situ BMG composite at room and high 
homologous temperatures are calibrated using experimental data corresponding to a La-based in-situ 




monolithic and its composites. A total strain of more than 6% is achieved prior to 
failure for a crystalline volume fraction of 50%, indicating that a ductile metal 
reinforcement bulk metallic glass matrix composite has been obtained. It is observed 
that for La-based BMG composites, the yield strength in compression and tension 
obey a rule of mixtures relationship; however, their ductility and impact toughness 
exhibit non-linear dependence on the volume fraction of the constituent phases, and 
there is a critical volume fraction of reinforcement (~40%ሻ that facilitates 
considerably greater plastic flow (Lee et al., 2004). 
 
 
Figure 2.11 - Comparison of typical (a) tensile (b) compressive stress-strain responses for monolithic 
amorphous alloy and composite samples (Lee et al., 2004). 
 
There have been some recent reports on Zr- and Ti-based in-situ BMG composites 
that can accommodate a maximum strain of over 12 % (Hofmann, 2009). 
BMG composites below their glass transition temperatures are essentially rate-
independent, have higher ductilities than monolithic BMGs, and are characterized by 
strain softening and the formation of intense shear bands. On the other hand, BMG 
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composites in the supercooled region (between the glass transition and crystallization 
temperatures) are highly rate-dependent and show fluid-like flow, which endow them 
great potential for superplastic forming and the fabrication of complex near-net 
shapes by injection molding, die casting, etc. A systematic study on various 
mechanical properties of Zr-based in-situ BMG composites has shown that their 
mechanical properties are dominated by deformation of the amorphous matrix phase 
(Fu et al., 2007b). The present study also indicates that the compressive stress-strain 
response reaches a steady state after an initial stress overshoot. Inhomogeneous flow 
at and brittle failure were observed at low temperatures ሺܶ ا  ௚ܶሻ with a transition to 
homogeneous flow at high temperatures ሺ~ܶ ൐ 0.8 ௚ܶሻ. Figure 2.12 shows the 
compressive stress-strain responses of a Zr-Based BMG composite near the glass 




Figure 2.12 - Uniaxial compressive stress-strain responses of in-situ BMG composite (Zr-Cu-Al) at 
693°K (near the glass transition) and different strain rates with different volume fractions of crystalline 
intermetallic phase f, (a) f=0%, (b) f=7%, (c) f=15%, (d) f=20% (Fu et al., 2007b). 
 
It is observed that the steady state flow stress increases with the volume fraction of 
the crystalline intermetallic phase (Fu et al., 2007b). 
A study of the homogeneous deformation responses of La-based BMG and in-situ 
BMG composites near the glass transition temperature ሺ~0.9 ௚ܶሻ, for different strain 
rates, shows that by changing the volume fraction of the lanthanum dendrite phases in 
the composite from 37% to 52%, the compressive stress-strain response of the 
material remains similar, both qualitatively and quantitatively (Fu et al., 2007a). 
Recently, Hassan et al. (2012) investigated the effects of temperature and the amount 
of reinforcement on the improvement of mechanical properties and fracture toughness 
of Zr-Based in-situ BMG composites. 
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Figure 2.13 shows schematically, the failure modes for an in-situ Zr-based BMG 
composite at ambient temperature for different volume fractions of the crystalline 
phase. I and II denote the failure modes for monolithic BMGs and the crystalline 
phase, respectively.  
 
Figure 2.13 – Dominant failure modes for a BMG composite with different volume fractions of crystalline phase 
(Qiao et al., 2009). 
 
When mode I is dominant, shear bands nucleate and propagate along favorable 
directions; when mode II dominates, dislocation-related deformation prevails. 
Generally, in BMG composites, both modes operate simultaneously, whereby shear 
bands propagate in the glass matrix and are either arrested by the crystalline phase or 
bypass these ductile barriers by going around and sometime through them, and 
multiplication of shear bands prevails. Concurrently, plasticity also occurs by 
dislocation glide in the crystalline phase (Hays et al., 2000; Qiao et al., 2009). 
Mechanisms governing the response of BMG composites at dynamic strain rates are 




2.3 Applications of metallic glasses  
The high strength and toughness, and ability of BMGs to store a large amount of 
elastic energy, have made them potentially useful as spring material. The first 
commercial application of BMG was golf club heads, whereby 99% of the impact 
energy is transferred to the ball. It is also twice as hard and four times as elastic as a 
commercially Ti driver, which transfers 70 % of the impact energy to the ball 
(Telford, 2004). BMGs have been used as die materials (Pd-Cu-Ni-P BMG), in 
sporting equipment (Zr-Ti-Cu-Ni-Be and Zr-ti-Ni-Cu BMGs) to make tennis rackets, 
bicycle frames, casings for consumer electronics such as mobile phones, MP3 players, 
etc. Fe-based BMGs are used in low-loss power distribution transformer cores. Table 
2.1 summarizes current and future applications for BMGs (Inoue, 2000; Wang et al., 
2004). 
Table 2.1 - Possible engineering applications for BMGs (Inoue, 2000; Wang et al., 2004) 
Fundamental characteristic                                       Application Field 
High strength Machinery structural materials 
High hardness Cutting materials 
High fracture toughness Die materials 
High impact fracture energy Tool materials 
High fatigue strength Bonding materials 
High elastic energy Sporting goods materials 
High corrosion resistance Corrosion resistance materials 
High wear resistance  (Hydrogen storage / writing application) materials
High reflection ratio (Optical precision / composite) materials 
Good soft magnetism Soft magnetic material 
High frequency permeability High magnetostrictive materials 
Efficient electrode Electrode materials 
High viscous flow ability Ornamental materials 
High acoustic attenuation Acoustic absorption materials 
Self-sharpening property Penetrator 
High wear resistance and manufacturability  Medical device materials 
 
 
Another area of use for BMGs is medical devices. There are some compositions of 
BMG that are highly biocompatible and nonallergenic. They are also wear and 
corrosion resistant, possess a high strength-to-weight ratios compared to titanium and 
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stainless steel, and used in orthopedic and surgical tools (Telford, 2004; 
www.liquidmetal.com).  
In addition, there has been some research by the US army relating to developing 
manufacturing technology for metallic-glass tank-armor penetrators to replace current 
depleted uranium based ones, which constitute possible biological hazards. Most 
crystalline metal projectiles flatten and mushroom upon impact; however, BMG 
composites fail by shear banding and exhibit a self-sharpening behavior. Figure 2.14 
shows penetration by an ex-situ BMG composite projectile 
(tungsten/Zrସଵ.ଶହTiଵଷ.଻ହCuଵଶ.ହNiଵ଴Beଶଶ.ହሻ and also a WHA ሺW െ Feହ.଺Niଵ.ସሻ one in 
an aluminum target. The BMG composite penetrator, which begins as a right circular 
cylinder, forms a sharp point and generated a hole of constant diameter, whereas the 
WHA rod shows significant mushrooming and the diameter of the hole is much larger 
than the initial penetrator diameter. The performance of BMG composites is 10-20% 





Figure 2.14 - (a) BMG composite penetrator (tungsten/Zr41.25Ti13.75Cu12.5Ni10Be22.5) fired at a 6061 
aluminum target at 605m s-1 (Penetrator shows self-sharpening and forms a pointed tip). (b) WHA 
penetrator fired at a 6061 aluminum target at 694 m s-1 (Penetrator head mushrooms and the hole is 
larger than initial diameter) (Conner et al., 2000). 
 
The high formability of BMGs and BMG composites make it possible to produce very 
precise micro parts by die forming, which is not possible to machine at this length 
scale using conventional machining techniques. The world smallest 1.5 mm micro-
gear motor was fabricated from Ni-based BMG gear parts, as shown in Figure 2.15 




Figure 2.15 - World’s smallest micro-gear motor made from Ni-based BMG with a diameter of 1.5 mm 
(Miller and Liaw, 2007) 
 
2.4 Constitutive models for BMGs and BMG composites 
An important characteristic of BMGs is the angle to the direction of applied load at 
which shear failure occurs; it is not the plane of maximum shear stress ሺ45לሻ for both 
compression and tension. In several experimental studies, BMGs have shown 
asymmetric responses for compression and tension; this contrasts with polycrystalline 
materials, which possess symmetric yield characteristic. Compressive failure of BMG 
occurs at ~42ל from the loading axis, while the angle for tensile tests is ~56ל, as 
shown in Figure 2.16 (Mukai et al., 2002a, b; Zhang et al., 2003). 
 
 
Figure 2.16 - Side view of fracture in Zr-based BMG deformed at a strain rate of 1×10-3 s-1 (a) in 




This difference has been the basis of the hypothesis that in BMGs, the component of 
stress normal to the slip plane and/or hydrostatic pressure affects material behavior 
and the onset of plasticity (Anand and Su, 2005; Donovan, 1989; Fornell et al., 2009; 
Li et al., 2003; Lu, 2002; Zhang et al., 2003). This effect can be captured by the 
Mohr-Coulomb yield criterion, which incorporates the effect of normal stress on the 
slip plane, or the Drucker-Prager criterion, which considers hydrostatic pressure (e.g. 
Khan and Huang 1995). Fornell et al. argued that both yield criteria can be used to 
describe the pressure sensitivity of BMGs (Fornell et al., 2009). This pressure-
dependent response of BMGs does not follow the von Mises or Tresca criterion, and 
only a few authors have suggested the von Mises criterion for BMGs (Bruck et al., 
1994).  
In general, BMGs do not exhibit strain hardening in plastic deformation. There are a 
few reports on strain-hardening in BMGs (Das et al., 2005; Yang et al., 2006a); 
however, most have observed post-yield strain softening (e.g. de Hey et al. 1998; Lu 
et al. 2003; Thamburaja and Ekambaram 2007). 
It is known that material flow in BMGs is accompanied by dilatation, i.e. creation of 
free volume (Spaepen, 1977), and this mechanism results in strain-softening during 
plastic deformation. It has been argued that in BMGs, a certain quantity of atomic-
sized defects (voids) is inherently existent. These voids of varying sizes are known as 
“free volume”. When the net free volume per atom ߥ௙, exceeds a threshold value ߥכ, 
defined as the effective hard-sphere size of the atom (Spaepen, 1977), atoms squeeze 




Figure 2.17- Creation of free volume due to application of shear stress, an atom is squeezed into a 
smaller volume. 
 
The flow defect concentration is described by (de Hey et al., 1998; Tuinstra et al., 
1995)  
    
௙ܿ ൌ exp ሺെ ߮ߥ
כ
 ߥ௙ ሻ (2.3) 
where  ߥ௙ is the average free volume per atom, ߥכ the amount of free volume needed 
for an atomic jump to take place, and ߮ is a geometrical factor between 0.5 and 1. 
Spaepen derived the shear flow rate to be dependent on dynamic equilibrium between 
stress driven creation and diffusional annihilation of free volume as follows (Argon, 
1979; de Hey et al., 1998; Fornell et al., 2009; Spaepen, 1977; Yang and Nieh, 2007) 
    ߛሶ ൌ 2Δ݂ ௙ܿ݇௙,଴ ቀߝ଴ߥ଴Ω ቁ exp ൬െ
߂ܩ௠
݇஻ܶ ൰ sinh ൬
߬ߝ଴ߥ଴
2݇஻ܶ൰  (2.4) 
where ߛሶ  is the shear strain rate, Δ݂ the volume fraction of flow units (fraction of the 
sample volume in which potential jump sites can be found), ௙ܿ the defect 
concentration, ݇௙,଴ the frequency of atomic vibration (~Debye frequency), ߝ଴ the 
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strain of a flow unit, ߥ଴ the volume of a flow unit, Ω the atomic volume, ߬ the shear 
stress, ݇஻ the Boltzmann constant, ܶ the temperature, and ߂ܩ௠ the thermal activation 
energy. This equation was originally developed for high temperatures and 
homogenous flow; however, the main difference when the plastic flow is 
inhomogeneous, is that the value of Δ݂ changes from being close to unity for 
homogenous flow to a smaller value for low-temperature inhomogeneous flow, which 
can be determined from the thickness of the softened layer in the shear band 
(Spaepen, 1977). Another model used to study the deformation of metallic glasses is 
the concept of fictive stress (Kato et al., 1998; Lu et al., 2003), and there are also 
some phenomenological relationships (Dubach et al., 2009; Estrin and Kubin, 1991).  
The theories mentioned above are either one-dimensional models, or formulated using 
small strain theory. Recently, Anand and Su (2005), Yang et al (2006) and 
Thamburaja and Ekambaram (2007) have formulated three-dimensional finite 
deformation models for metallic glass, of which the first two are for isothermal 
conditions, and the third considers temprature changes for application to BMG within 
the supercooled region undergoing large deformation. There are few constitutive 
models that describe the deformation of BMG composites; these are one-dimensional 
and only predict the onset of plasticity, based on the Coulomb-Mohr or Drucker-
Prager yield criterion, by assuming simple elastic-perfectly plastic behavior (Lu, 
2002; Trexler and Thadhani, 2010).  
For an isotropic amorphous material, there are no naturally predisposed directions for 
slip and shear bands to occur. Potential slip systems in BMGs can be considered to be 
a function of shear and normal stresses, similar to the Coulomb-Mohr yield criterion 
(e.g. Anand and Su, 2005), or a function of hydrostatic pressure, like the Drucker-
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Prage yield criterion (e.g. Thamburaja and Ekambaram, 2007). Furthermore, in 
BMGs, plastic shearing is accompanied by creation of free volume (i.e. dilatation), 
which in turn affects the direction of slip planes (e.g. Anand and Su, 2005). 
 
2.5 Objective 
The preceding sections have mentioned that bulk metallic glass and bulk metallic 
glass composites are a relatively new class of alloys, and there are many ongoing 
efforts to fabricate samples with enhanced properties, such as greater ductility, higher 
strength, and larger sizes. In addition, a fuller understanding of the deformation 
mechanisms in BMG and BMG composite alloys are still being investigated.  
Research gaps that motivate the current effort to develop a constitutive model for an 
in-situ bulk metallic glass composite, are summarized below: 
 The failure modes for an in-situ BMG composite at different temperatures and strain 
rates for different volume fractions of the crystalline phase remains to fully be 
explored; thus can be shear band dominated or dislocation governed.  
 Since the deformation mechanism in in-situ BMG composites is still being studied, 
there needs to be a good model to describe their behavior under different loading 
conditions. Some previous models are one-dimensional, or only predict the onset of 
plasticity using the Coulomb-Mohr or Drucker-Prager yield criterion, and assume 
simple elastic-perfectly plastic behavior. 
The primary overall objective of the current work is to develop three-dimensional 
constitutive model for in-situ BMG composites based on finite-deformation 
macroscopic theory and experimental data, for application at ambient and also high 
 30 
 
homlogous temperatures, as well as different strain rates. This translates to the 
following specific objectives: 
 To develop a three-dimensional constitutive model consistent with the Second Law 
of Thermodynamics for ambient and high temperatures; this approach seems yet to 
be explored. 
 To implement the constitutive model developed in a commercially available finite 
element program (Abaqus) via writing a user-defined material subroutine. 
 To perform compression tests on an in-situ BMG composite to study the 
deformation mechanism and obtain the stress-strain response. A La-based in-situ 
BMG composite with a 50% volume fraction of crystalline lanthanum phase is 
chosen for investigation. For an enhanced understanding of the deformation 
mechanism in BMG composites, a monolithic La-based BMG (corresponding to 
amorphous phase in the composite), and pure lanthanum (corresponding to the 
crystalline phase in the composite) are also examined. Samples are subjected to 
compressive loads at different strain rates (0.001/s-0.1/s), at ambient and high 
homologous temperatures. These particular BMG alloys and their composites are 
chosen, because they have relatively lower glass transition temperatures, a wider 
supercooled region (approximately 70°K) and a high GFA (10 mm), compared to 
most other families of metallic glasses. 
 To validate the constitutive model by comparing predicted stress-strain responses 
with experimental data. 
To support the specific objectives listed and gain greater insight into deformation 




o X-ray diffraction (XRD) analysis of samples to elicit information on its 
crystalline structure and chemical composition. 
o Differential Scanning Calorimetry (DSC) to measure the 
exothermic/endothermic nature and temperature associated with 
transitions, such as glass transition, crystallization, etc.  
o Optical microscopy to examine material microstructure and identify 
deformation mechanisms. 
The results of the present study may provide a basis for describing the behavior of 
bulk metallic glass composite alloys with a crystalline component, at room and high 
temperatures as well as different strain rates. This may constitute a systematic 
approach to predict the mechanical behavior of in-situ BMG composites even before 
fabricating samples and performing mechanical tests. In addition, findings from this 
effort may be useful for hot metal forming - e.g. extrusion, injection molding, die 
casting, etc. - to design better production sequences and to predict the final shapes of 
products using a commercially available finite element. 
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Chapter 3 - A finite-deformation constitutive description of 
bulk metallic glass composites for ambient temperatures 
 
Summary 
The focus of this chapter is the development of an elastic-viscoplastic, three-
dimensional, finite-deformation constitutive model to describe the large deformation 
behavior of Bulk Metallic Glass (BMG) composite. A macroscopic theoretical 
formulation, consistent with thermodynamic principles and considering free energy, is 
proposed to describe the response at ambient temperature and pressure, as well as at 
different strain rates. This is done by assuming that deformation within the constituent 
phases of the composite is affine; kinetic equations defining plastic shear and 
evolution of free volume concentration are then derived. The constitutive model is 
subsequently implemented in a finite-element program (Abaqus/Explicit) via a user-
defined material subroutine. Numerical predictions are compared with experimental 
results from tests on La-based in-situ BMG composite (La-Al-Cu-Ni) specimens cast 




All metallic glasses exhibit brittle behavior for loading at room temperature and fail 
catastrophically via one dominant or multiple shear bands. Many researchers 
recognize the need for BMG composites to have better ductility to prevent 
catastrophic failure. All BMG composites fall into two groups: intrinsic (or in-situ) 
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and extrinsic (or ex-situ). BMG composites at room temperatures show rate-
insensitive behavior and they are characterized by strain softening.  
In this work three types of samples, based on a La଼଺ି୷AlଵସሺCu, Niሻ୷ composition, 
were produced: (a) in-situ La74Al14Cu6Ni6 BMG composite alloy ሺi. e.  ݕ ൌ 12ሻ with a 
50% crystalline volume fraction (Figure 2.10 (d)); this crystalline dendritic phase is 
identified as lanthanum precipitated out from the amorphous phase (Lee et al., 2004); 
(b) monolithic amorphous La62Al14Cu12Ni12 alloy ሺi. e. ݕ ൌ 24ሻ (Figure 2.10 (a)); and; 
(c) pure polycrystalline lanthanum (La100). 
Samples were subjected to quasi-static compression at different strain rates ሺ߳ሶ ൏
10ିଵݏିଵሻ and at room temperature. A comparison of the stress-strain responses of the 
three types of material for a strain rate of 0.0001/s is given in Figure 3.1 
 
Figure 3.1 - Compressive stress-strain response of in-situ BMG composite, monolithic BMG and pure 

























It is observed that the Young’s modulus of the BMG composite can be obtained by a 
rule of mixtures approach, and the BMG composite exhibits post-yield hardening 
followed by softening, which is also characteristic of BMG alloys. The work of Lee et 
al. (2004) also shows that for La-based BMG composites, the yield strength in 
compression and tension obeys a rule of mixtures relationship. In addition, optical 
microscopy images of cross-sections of BMG composite alloy samples (Figure 2.10) 
show that the dendritic phase is distributed homogenously. The preceding 
considerations suggest that a homogenization approach that combines the responses of 
the amorphous and crystalline phases can be used to describe the overall behavior of 
an in-situ BMG composite. (This is described in detail in the Sections on 
Experimental Procedure and Finite-element Simulations) 
The La-based in-situ BMG composite chosen is in line with the work of Lee et al 
(2004), who undertook a systematic study of the effect of the ductile phase volume 
fraction on various mechanical properties. 
The main objective associated with this chapter is development of a three-dimensional 
constitutive equation for in-situ BMG composites, based on finite-deformation 
macroscopic theory and experimental data, for application at ambient temperature and 
pressure, and different strain rates. The Second Law of Thermodynamics constitutes 
the basis of this approach and this topic appears yet to be explored.  
 
3.2 Kinematics and balance laws 
To develop a constitutive equation for an in-situ BMG composite, it is assumed that 
the amorphous and crystalline phases in the composite experience affine deformation. 
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Furthermore, each phase is considered to be individually homogenous, with its own 
kinetic relationship. A constitutive equation for the composite, consistent with the 
principle of the Second Law of Thermodynamics, is then derived. Macroscopic 
theories for rate-dependent elastic-viscoplastic deformation of each phase are 
developed to obtain the kinematics of the motion in the material. 
 
3.2.1 Kinematics of deformation 
Consider a homogenous body in a reference configuration and let it be denoted 
by  ࣬଴; let ܆ define a material point in  ࣬଴. The one-to-one mapping of the motion 
of  ࣬଴ is described by ܡ ൌ ܡොሺ܆, tሻ; the deformation gradient is  ۴ ൌ ׏ܡ, and the 
velocity and velocity gradient are: 
 ܞ ൌ ܡሶ ,            ۺ ൌ grad ܞ ൌ ۴ሶ۴ି૚ (3.1) 
Consider an intermediate configuration called the relaxed configuration, which is 
achieved by unloading the body from the current deformed configuration to a zero 




Figure 3.2 - Schematic diagram of the Kroner-Lee decomposition. Inelastic deformation is incorporated 
into the relaxed configuration. 
 
The well-known multiplicative Kroner-Lee decomposition is used to decompose the 
deformation gradient into elastic and inelastic components, as shown schematically in 
Figure 3.2. 
 ۴ ൌ ۴௘۴௣  (3.2) 
where ۴௣ represents the inelastic deformation gradient, which maps an infinitesimal 
line segment d܆ in the reference configuration to d۾ in the relaxed configuration, 
through inelastic flow according to d۾ ൌ ۴୮d܆, while ۴ୣ maps d۾ to dܡ by elastic 
deformation, such that dܡ ൌ ۴௘d۾. 
Using Eq. (3.1), the velocity gradient is  




    ۺ௘ ൌ ۴ሶ ௘۴௘ି૚,           ۺ௣ ൌ ۴ሶ ௣۴௣ି૚       (3.4) 
ۺ, ۺ௘ and ۺ௣ can be further decomposed into 
    ۺ ൌ ۲ ൅ ܅,         ۺ௘ ൌ ۲௘ ൅ ܅௘, ۺ௣ ൌ ۲௣ ൅ ܅௣            (3.5) 
where ۲ ൌ symሺۺሻ, ۲௘ ൌ symሺۺ௘ሻ, ۲௣ ൌ symሺۺ௣ሻ, ܅ ൌ skwሺۺሻ, ܅௘ ൌ skwሺۺ௘ሻ, 
and ܅௣ ൌ skwሺۺ௣ሻ. ۲, ۲௘ and ۲௣ are respectively the total, elastic and plastic 
stretch rates. ܅, ܅௘ and ܅௣ are the corresponding total, elastic and plastic spin rate 
tensors. The right and left polar decompositions of the deformation gradient are  
    ۴ ൌ ܀܃ ൌ ܄܀, ۴௘ ൌ ܀௘܃௘ ൌ ܄௘܀௘, ۴௣ ൌ ܀௣܃௣ ൌ ܄௣܀௣ (3.6) 
where ܀, ܀௘ and ܀௣ are rotations (proper orthogonal tensors), while ܃, ܄, ܃ୣ, ܄ୣ, ܃୮, 
and ܄୮ are positive-definite symmetric tensors. Let 
    ۱ ൌ ۴T۴ ൌ ܃૛         and ۱௘ ൌ ۴௘T۴௘ ൌ ሺ܃௘ሻଶ  (3.7) 
where ۱ is the right Cauchy-Green deformation tensor and ۱௘ the elastic component 
of the right Cauchy-Green deformation tensor. 
To distinguish between the two phases in the BMG composite, the subscript ሼ݅|݅ ൌ
1,2ሽ is used, where ݅ ൌ 1 denotes the crystalline phase and ݅ ൌ 2 denotes the 
amorphous component.  
To develop a constitutive equation for an in-situ BMG composite, the amorphous and 
crystalline phases are assumed to be two distinct homogenous bodies with different 




     ۴ ൌ ۴ሺ௜ሻ ൌ ۴ሺଵሻ ൌ ۴ሺଶሻ  (3.8) 
where ۴ is the total deformation gradient of the BMG composite, and ۴ሺ௜ሻ are the 
deformation gradients of the constituent phases; i.e. ۴ሺଵሻ and ۴ሺଶሻ are the deformation 
gradients for the crystalline and amorphous phases respectively.  
The change in volume of the deformed configuration with respect to the reference 
configuration is defined by the determinant of the deformation gradient. From Eq. 
(3.2) and using Eq. (3.8), 
    ܬ ؝ det ۴ ൌ det ۴௘ det ۴௣ ൌ det ۴ሺ௜ሻ ൌ det ۴ሺ௜ሻ௘ det ۴ሺ௜ሻ௣ ൌ ܬሺ௜ሻ௘ ܬሺ௜ሻ௣ ൌ ܬሺ௜ሻ (3.9) 
where 
        ܬሺ௜ሻ ؝ det۴ሺ௜ሻ,        ܬሺ௜ሻ௘ ؝ det۴ሺ௜ሻ௘ , ܬሺ௜ሻ௣ ؝ det ۴ሺ௜ሻ௣             (3.10)
In the development of this analysis, it is assumed that plastic flow is irrotational 
(Gurtin and Anand, 2005) 
    ܅ሺ௜ሻ௣ ൌ ૙  ֜   ۺሺ௜ሻ௣ ൌ ۲ሺ௜ሻ௣  (3.11)
Incompressibility of plastic deformation of the crystalline phase implies that ۺሺଵሻ௣  
and ۲ሺଵሻ௣  are purely deviatoric, i.e.: 
    tr ቀۺሺଵሻ௣ ቁ ൌ tr ቀ۲ሺଵሻ௣ ቁ ൌ 0,      ܬሺଵሻ௣ ൌ 1   (3.12)
Therefore, the inelastic stretch rate tensor is taken to be purely deviatoric  
      ۲ሺଵሻ௣ ൌ ݇ሺଵሻߛሶሺଵሻۼሺଵሻ (3.13)
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where ۼଵ, which is symmetric and deviatoric, is the direction of plastic flow of the 
crystalline phase (to be determined), and tr൫ۼሺଵሻ൯ ൌ 0, ۼሺଵሻ ൌ ۼሺଵሻT  and |ۼሺଵሻ| ൌ  1. 
ߛሶሺଵሻ represents the plastic shear rate and ݇ሺଵሻ ൐ 0 is a constant of proportionality.  
For the amorphous phase, inelastic flow is associated with the evolution of free 
volume and is not isochoric, i.e. ܬሺଶሻ௣ ് 1. With reference to the work of Thamburaja 
and Ekambaram (2007), the inelastic stretch rate tensor for the amorphous phase is 
taken to be 
      ۲ሺଶሻ௣ ൌ ݇ሺଶሻߛሶሺଶሻۼሺଶሻ ൅ ሺ1 3⁄ ሻξሶ૚ (3.14)
where ۼሺଶሻ defines the direction of flow of the amorphous phase, and ݇ሺଶሻ and ߛሶሺଶሻ 
correspond to ݇ሺଵሻ and ߛሶሺଵሻ for the crystalline phase. ξሶ (with units of 1/time) represents 
the rate of evolution of free volume concentration. The inelastic dilatation-rate in the 
amorphous phase is given by  trሺ۲ሺଶሻ௣ ሻ ൌ  trሺۺሺଶሻ௣ ሻ ൌ ξሶ . Note that the first and second 




This theoretical formulation should be invariant to a change of reference frame; i.e.  
     ܡሺ܆, ݐሻ ՜ ۿሺݐሻܡሺ܆, ݐሻ ൅ ܙሺݐሻ  (3.15)
where ۿሺݐሻ is a proper-orthogonal rotation tensor and ܙሺݐሻ a translation vector. The 
deformation gradient transforms according to 
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     ۴ሺ௜ሻ ՜ ۿ۴ሺ௜ሻ     ֜     ۴ሺ௜ሻ௘ ۴ሺ௜ሻ௣ ՜ ۿ۴ሺ௜ሻ௘ ۴ሺ௜ሻ௣   (3.16)
By assigning the rotation solely to the elastic deformation gradient component (e.g. 
Gurtin and Anand 2005), ۴ሺ௜ሻ௘ ՜ ۿ۴ሺ௜ሻ௘ ; and consequently ۴ሺ௜ሻ௣  is invariant, and by Eq. 
(3.4), ۺሺ௜ሻ௣  is invariant, and  ۺሺ௜ሻ௘ ՜ ۿሶ ۿ܂ ൅ ۿۺሺ௜ሻ௘ ۿ܂. Hence 
     ۲ሺ௜ሻ௘ ՜ 12 ቀۿሶ ۿ
܂ ൅ ۿۺሺ௜ሻ௘ ۿ܂ ൅ ൫ۿሶ ۿ܂ ൅ ۿۺሺ௜ሻ௘ ۿ܂൯܂ቁ
ൌ 12 ൫ۿ൫ۺሺ௜ሻ
௘ ൅ ۺሺ௜ሻ௘ ܂൯ۿ܂൯ ൌ ۿ۲ሺ௜ሻ௘ ۿ܂ 
(3.17)
From the uniqueness of polar decomposition, it can be concluded that 
     ۴ሺ௜ሻ௘ ՜ ۿ۴ሺ௜ሻ௘ ൌ ۿ܀ሺ௜ሻ௘ ܃ሺ௜ሻ௘ ֜ ܀ሺ௜ሻ௘ ՜ ۿ܀ሺ௜ሻ௘  and ܃ሺ௜ሻ௘ ՜ ܃ሺ௜ሻ௘  (3.18)
where ۿ܀ሺ௜ሻ௘ consolidates the rotation components, and therefore ܃ሺ௜ሻ௘  is invariant. 
Application of this to Eq. (3.7) yields invariance of ۱ሺ௜ሻ௘ , or ۱ሺ௜ሻ௘ ՜ ۱ሺ௜ሻ௘ . 
A frame-invariant measure of elastic strain is now introduced and will be used later: 
     ۳ሺ௜ሻ௘ ൌ ሺ1 2⁄ ሻሺ۱ሺ௜ሻ௘ െ ૚ሻ  (3.19)
3.2.3 Balance of linear momentum 
The balance of linear momentum in the reference configuration can be expressed as 
     න ܁ܖ଴
డ࣬బ
∂ܣ଴ ൅ න ܊
࣬బ
∂ ଴ܸ ൌ ddݐ න ߩ଴ ࣬బ
ܞ ∂ ଴ܸ (3.20)
where ࣬଴ denotes an arbitrary sub-volume of the reference body, and ܖ଴ is the unit 
outward normal on the boundary surface ߲࣬଴ of ࣬଴; ܁= ܬ܂۴ିT is the first Piola-
Kirchoff stress and ܂ denotes the Cauchy stress; ܊ is the macroscopic body force per 
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unit reference volume, ߩ଴ ൌ ߩො଴ሺ܆ሻ is the referential mass density and ܞ ൌ ܞොሺ܆, ݐሻ is 
the velocity. Application of the divergence theorem to Eq. (3.20) and localizing the 
results within ࣬଴ yields 
     Div ܁ ൅ ܊ െ ߩ଴ܞሶ ൌ ૙  (3.21)
3.2.4 Balance of angular momentum  
In the reference configuration, the balance of angular momentum is expressed as   
     න ܡ ൈ ܁ܖ଴
డ࣬బ
∂ܣ଴ ൅ න ܡ ൈ ܊
࣬బ
∂ ଴ܸ ൌ ddݐ න ܡ ൈ ߩ଴ ࣬బ
ܞ ∂ ଴ܸ (3.22)
Application of the divergence theorem, and localizing the results within  ࣬଴, together 
with Eq. (3.21) results in  
     ܁۴T ൌ ۴܁T  ֜   ܂ ൌ ܂T (3.23)
3.2.5 Balance of energy 
With respect to the reference configuration, the First Law of Thermodynamics can be 
expressed as 
     න ሺ܁ܖ଴. ܞ െ ܙ. ܖ଴ሻ ∂ܣ଴
డ࣬బ
൅ න ሺ܊. ܞ ൅ ݎ
 ࣬బ
ሻ ∂ ଴ܸ ൌ ddݐ න ݓ ࣬బ
∂ ଴ܸ (3.24)
where ܙ is the referential heat flux rate, ݎ the thermal radiation rate per unit reference 
volume, and ݓ ؝ ߳ ൅ ሺ1 2ሻߩ଴⁄ ሺܞ. ܞሻ, whereby ߳ is the internal energy per unit 
reference volume. Applying the divergence theorem to Eq. (3.24), along with Eq. 
(3.21), and localizing the results yields 
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     ܁. ۴ሶ െ Div ܙ ൅ ݎ ൌ ߳ሶ (3.25)
 
3.2.6 Entropy imbalance (Second Law of Thermodynamics) 
In the reference configuration, the Second Law of Thermodynamics is expressed by  
     d
dݐ න ߟ ∂ ଴ܸ ࣬బ
൒ න െ ܙߠ .డ࣬బ
ܖ଴ ∂ܣ଴ ൅ න rߠ ࣬బ
∂ ଴ܸ (3.26)
where ߟ is the entropy per unit reference volume, and ߠ ൐ 0 is the absolute 
temperature. The Helmholtz free energy ߰ per unit volume in the reference 
configuration is defined as 
     ߰ ൌ ߳ െ ߟߠ ֜  ሶ߰ ൌ ߳ሶ െ ߟሶߠ െ ߟߠሶ  (3.27)
Substitution of Eq. (3.27) and Eq. (3.25) into the entropy imbalance Eq. (3.26) and 
localizing the results yields 
     ܁. ۴ሶ െ ܙߠ . ׏ߠ െ ߟߠሶ െ ሶ߰ ൒ 0 (3.28)
In this analysis, it is assumed that isothermal conditions prevailed during deformation 
(i.e. ׏ߠ ൌ ߠሶ ൌ 0ሻ; this is also widely adopted for loading under quasi-static 
conditions at ambient temperatures. Therefore, the inequality representing the Second 
Law of Thermodynamics (Eq. (3.28)) can be simplified to:  
     ܁. ۴ሶ െ ሶ߰ ൒ 0 (3.29)
Substitution of  ܁ ൌ ܬ܂۴ିT  and Eq. (3.1) into Eq. (3.29), and considering symmetry 
of ܂ yields  
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     ܬ܂. ۲ െ ሶ߰ ൒ 0 (3.30)
Eq. (3.30) is the basis for the development of the constitutive model. Frame invariant 
expressions for the free energy will subsequently be introduced; by substituting these 
into the inequality Eq. (3.30) and noting that the Second Law of Thermodynamics 
must hold for every admissible process, the constitutive equation and dissipation 
inequality (Coleman and Noll, 1963) are obtained. 
3.3 Free energy 
The free energy of the BMG composite is now considered, so that it can be substituted 
into the inequality Eq. (3.30) to derive the constitutive equations and dissipation 
inequalities. The expression for free energy is modified with respect to existing 
theories of viscoplasticity for isothermal conditions, as well as isotropic flow at the 
macroscopic level, for the crystalline phase (Anand, 2004; Gurtin and Anand, 2005; 
Håkansson et al., 2008) and for the amorphous phase (Anand and Gurtin, 2003; 
Anand and Su, 2005; Thamburaja and Ekambaram, 2007). 
The total macroscopic free energy density for the BMG composite is assumed to be 
described by 
     ߰ ൌ ෠߰൫۱௘, λത, ߥҧሺ௜ሻ൯ (3.31)
where ۱௘is the elastic Cauchy-Green deformation tensor; λത ൌ ൛λଵ, λଶ, … , λ୬ൟ is a set 
of ݊ scalar internal state variables that evolve during plastic deformation, and 
ߥҧሺ௜ሻ ൌ ൛ߥሺଵሻ, ߥሺଶሻൟ is a set of volume fractions of each of the constituent phases in the 
composite. 
Since energy is scalar, it is possible to set 
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    ߰ ൌ ෍ ߥሺ௜ሻ߰ሺ௜ሻ
௜
 where ߰ሺ௜ሻ ൌ ෠߰ሺ௜ሻሺ۱ሺ௜ሻ௘ , λതሺ௜ሻሻ (3.32)
This specific functional form of free energy (Eq. (3.32)) is frame-invariant, since 
۱ሺ௜ሻ௘ ՜ ۱ሺ௜ሻ௘ , and λതሺ௜ሻ ՜ λതሺ௜ሻ (its components are scalar field variables); this results 
in ߰ሺ௜ሻ ՜ ߰ሺ௜ሻ, and ߥሺ௜ሻ ՜ ߥሺ௜ሻ (scalar quantities as well); therefore the free energy is 
frame-invariant; ߰ ՜ ߰. 
Taking the time derivative of Eq. (3.32) results in 
     
ሶ߰ ൌ ෍ሺߥሶሺ௜ሻ߰ሺ௜ሻ
௜
൅ ߥሺ௜ሻ ሶ߰ ሺ௜ሻሻ  (3.33)
Since the volume fraction of each phase with respect to the reference configuration is 
constant (ߥሶሺ௜ሻ ൌ 0),  
     
ሶ߰ ൌ ෍ ߥሺ௜ሻ ሶ߰ ሺ௜ሻ
௜
ൌ ෍ ߥሺ௜ሻ ቆ
߲ ෠߰ሺ௜ሻ൫۱ሺ௜ሻ௘ , λതሺ௜ሻ൯
߲࡯ሺ௜ሻ௘  . ۱
ሶ ሺ௜ሻ௘ ൅






Furthermore, from Eq. (3.2), (3.7) and using Eq. (3.8), 






Also, taking the time derivative of Eq. (3.7) results in 
     ۱ሶ ൌ ۴ሶ T۴ ൅ ۴T۴ሶ ൌ ۴TۺT۴ ൅ ۴Tۺ۴ ൌ 2۴T۲۴  (3.36)
A combination of the time derivative of Eq. (3.35) and Eq. (3.36) yields  
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     ۱ሶሺ௜ሻ௘ ൌ ۴ሺ௜ሻ௣
షT۱ሶ۴ሺ௜ሻ௣
షభ ൅ ۶ ൌ 2۴ሺ௜ሻ௣
షTሺ۴T۲۴ሻ۴ሺ௜ሻ௣
షభ ൅ ۶ ൌ 2۴ሺ௜ሻ௘T۲۴ሺ௜ሻ௘ ൅ ۶ (3.37)
where  






Substitution of Eq. (3.37) into Eq. (3.34) and substitution back into the inequality for 
the Second Law of Thermodynamics Eq. (3.29) results in 
     
ܬ܂. ۲ െ ෍ ߥሺ௜ሻ ቆ







തሶ ሺ௜ሻቇ ൒ 0 
(3.39)
Eq. (3.39) can be rearranged to give 
     ൭ܬ܂ െ ෍ 2ߥሺ௜ሻ۴ሺ௜ሻ௘











തሶ ሺ௜ሻቋ ൒ 0 
(3.40)
This inequality must hold for all values of  ۱ሺ௜ሻ௘ , ۲ and ۶. Consider the case where 
there is no plastic deformation; ۶ and λതሺ௜ሻ are then both equal to zero. Hence, only the 
first term in the inequality Eq. (3.40) remains. This term comprises a product of ۲ and 
the function within the parentheses, which is independent of ۲. The stress ܂ (elastic 
in this instance) is assumed to be rate independent, and ෠߰ሺ௜ሻ൫۱ሺ௜ሻ௘ , λതሺ௜ሻ൯ is also 
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independent of ۲. Hence, to ensure that the inequality is fulfilled, the coefficient of ۲ 
(the function within the parentheses) must therefore vanish; i.e.  




     ܂ሺ௜ሻ ؝ ܬሺ௜ሻିଵ ቆ2۴ሺ௜ሻ௘
߲ ෠߰ሺ௜ሻ൫۱ሺ௜ሻ௘ , λതሺ௜ሻ൯
߲࡯ሺ௜ሻ௘ ۴ሺ௜ሻ
௘Tቇ (3.42)
In Eq. (3.42), ܬ has been replaced by ܬሺ௜ሻ (see Eq. (3.9)). Eq. (3.41) is the constitutive 
equation for the Cauchy stress in the in-situ BMG composite. 
Furthermore, it is assumed that during plastic deformation, all the plastic work is 
dissipated. Therefore, the remaining terms in Eq. (3.40) define the total mechanical 
power dissipation per unit volume in the reference configuration. Thus, the 
dissipation inequality Eq. (3.40) reduces to  
     
െ ෍ ߥሺ௜ሻ ቊቆ
߲ ෠߰ሺ௜ሻ൫۱ሺ௜ሻ௘ , λതሺ௜ሻ൯
߲࡯ሺ௜ሻ௘ ቇ . ۶ ൅





Note that  ۴ሺ௜ሻ௣ ۴ሺ௜ሻ௣
షభ ൌ ۷, from which the time derivative of this combined with Eq. 
(3.4) yields 
      ۴ሶሺ௜ሻ௣
షభ ൌ െ۴ሺ௜ሻ௣
షభۺሺ௜ሻ௣  (3.44)
Incorporation of Eq. (3.44) into the expression for ۶ in Eq. (3.38) results in 








Substitution of Eq. (3.11) and Eq. (3.35) into Eq. (3.45) then yields 
     ۶ ൌ െ൫۲ሺ௜ሻ௣ ۱ሺ௜ሻ௘ ൅ ۱ሺ௜ሻ௘ ۲ሺ௜ሻ௣ ൯ ൌ െሺۯT ൅ ۯሻ (3.46)
where  
     ۯ ؝ ۱ሺ௜ሻ௘ ۲ሺ௜ሻ௣   (3.47)
Eq. (3.46) shows that ۶ is symmetric.  
From the symmetry of ሺ߲ ෠߰ሺ௜ሻ ߲࡯ሺ௜ሻ௘ൗ ሻ and ࡯ሺ௜ሻ௘ , and assuming that the free energy is an 
isotropic function of the elastic stretches, ࡯ሺ௜ሻ௘  and ሺ߲ ෠߰ሺ௜ሻ ߲࡯ሺ௜ሻ௘ൗ ሻ have the same 
eigenvectors, and they are therefore commutative i.e. ሺ߲ ෠߰ሺ௜ሻ ߲࡯ሺ௜ሻ௘ൗ ሻ ࡯ሺ௜ሻ௘ ൌ
࡯ሺ௜ሻ௘ ሺ߲ ෠߰ሺ௜ሻ ߲࡯ሺ௜ሻ௘ൗ ሻ (e.g. Neto et al., 2008).The coefficient of ۶ in Eq. (3.43) is 
combined with Eq. (3.46) to give 
     ቆ߲ ෠߰ሺ௜ሻ߲࡯ሺ௜ሻ௘ ቇ . ۶ ൌ െ ቆ
߲ ෠߰ሺ௜ሻ
߲࡯ሺ௜ሻ௘ ቇ . ൫۲ሺ௜ሻ
௣ ۱ሺ௜ሻ௘ ൅ ۱ሺ௜ሻ௘ ۲ሺ௜ሻ௣ ൯
ൌ െ ቆ߲ ෠߰ሺ௜ሻ߲࡯ሺ௜ሻ௘ ቇ ۱ሺ௜ሻ
௘ . ۲ሺ௜ሻ ௣ െ ۱ሺ௜ሻ௘ ቆ
߲ ෠߰ሺ௜ሻ
߲࡯ሺ௜ሻ௘ ቇ . ۲ሺ௜ሻ 
௣
ൌ  െ2۱ሺ௜ሻ௘ ቆ
߲ ෠߰ሺ௜ሻ
߲࡯ሺ௜ሻ௘ ቇ . ۲ሺ௜ሻ 
௣  
(3.48)
Substituting Eq. (3.48) into the dissipation inequality Eq. (3.43) yields 
     
෍ ߥሺ௜ሻ ቊ2۱ሺ௜ሻ௘ ቆ
߲ ෠߰ሺ௜ሻ൫۱ሺ௜ሻ௘ , λതሺ௜ሻ൯







Let the Mandel stress be defined as a microforce stress by 
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     ܂ሺ௜ሻ௣ ؝ 2۱ሺ௜ሻ௘
߲ ෠߰ሺ௜ሻ
߲࡯ሺ௜ሻ௘  (3.50)
Substitution of this microforce stress into the inequality described by Eq. (3.49) yields 
     
෍ ߥሺ௜ሻ ቊ܂ሺ௜ሻ௣ . ۲ሺ௜ሻ௣ െ





This is the total mechanical power dissipation per unit volume in the reference 
configuration. The inequality Eq. (3.51) will subsequently be used to determine the 
kinetic relationship for the plastic shear rate in the material. 
The microforce stress (defined by Eq. (3.50)) is frame-invariant, i.e.: ܂ሺ௜ሻ௣ ՜ ܂ሺ௜ሻ௣ , 
since ۱ሺ௜ሻ௘ ՜ ۱ሺ௜ሻ௘  and ߰ሺ௜ሻ ՜ ߰ሺ௜ሻ. Also, by using Eq. (3.42), the microforce stress can 
be expressed as 
     ܂ሺ௜ሻ௣ ൌ ܬሺ௜ሻ۴ሺ௜ሻ௘T܂ሺ௜ሻ۴ሺ௜ሻ௘షT (3.52)
Since ܂ሺ௜ሻ௣  is fame invariant, and ۴ሺ௜ሻ௘ ՜ ۿ۴ሺ௜ሻ௘ , this implies that ܂ሺ௜ሻ transforms 
according to 
     




֜ ܂ሺ௜ሻ ՜ ۿ܂ሺ௜ሻۿT (3.53)




3.4 Specific form of constitutive equations 
3.4.1 Specific form of free energy 
A general form of the free expression for energy established in the previous sections 
is now specifically formulated. This enables determination of specific forms of the 
constitutive equations and subsequently, the kinetic relationships for the material. 
Specific functional forms of the free energy for each phase are chosen with a view 
towards application at ambient temperatures (Anand and Su, 2005; Ekambaram et al., 
2009; Gurtin and Anand, 2005). 
The free energy of the crystalline phase can be described by  
     ߰ሺଵሻ ൌ ෠߰ሺଵሻ൫۱ሺଵሻ௘ ൯ ൌ ܩሺଵሻหdev൫۳ሺଵሻ௘ ൯หଶ ൅ ሺ1/2ሻܭሺଵሻൣtr൫۳ሺଵሻ௘ ൯൧ଶ (3.54)
where ܩሺଵሻ,  ܭሺଵሻ are respectively the elastic shear and bulk moduli. It is assumed that 
energy storage is associated only with elastic deformation of the crystalline phase, and 
during plastic deformation, all plastic work is dissipated.2 It is also assumed that there 
is no internal state variable involving free energy for the crystalline phase (λതሺଵሻ ൌ
ሼNullሽሻ 
The storage of free energy for the amorphous phase is attributed to elastic 
deformation and evolution of the free volume concentration. By considering the free 
volume concentration as a state variable (λതሺଶሻ ൌ ሼξሽሻ, the free energy for the 
amorphous phase can be considered to be separable according to 
                                                            
2 It is generally assumed that about 85% to 100% of plastic work in metallic materials is converted into 
heat. Some of the plastic work may be stored as energy associated with complex local microstructural 
defects such as dislocations, grain boundaries, etc. This defect-energy affects the macroscopic 
response, and is responsible for kinematic hardening (Henann and Anand, 2009). The influence of the 
defect energy on the mechanical behavior of BMG composites has yet to be investigated; for 
simplicity, they are not considered in the current study. 
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     ߰ሺଶሻ ൌ ෠߰ሺଶሻ൫۱ሺଶሻ௘ , ξ൯ ൌ ത߰ሺଶሻ൫۱ሺଶሻ௘ ൯ ൅ ߰ሺଶሻஞ (3.55)
where ത߰ሺଶሻ൫۱ሺଶሻ௘ ൯ is the portion of free energy associated with elastic deformation, 
and ߰ሺଶሻஞ  is the portion related to the evolution of free volume: 
     ത߰ሺଶሻ൫۱ሺଶሻ௘ ൯ ൌ  ܩሺଶሻหdev൫۳ሺଶሻ௘ ൯หଶ ൅ ሺ1/2ሻܭሺଶሻൣtr൫۳ሺଶሻ௘ ൯൧ଶ (3.56)
     ߰ሺଶሻஞ ൌ ሺ1/2ሻsஞ౹ξଶ െ sஞ౹ξξT (3.57)
where ܩሺଶሻ, ܭሺଶሻ are the elastic shear and bulk moduli respectively. sஞ౹ ൒ 0 is a 
material parameter (with dimensions of energy per unit reference volume) that relates 
the change in free energy due to changes in free volume concentration, and  ξT ൒ 0 
(dimensionless) represents the thermal equilibrium (fully annealed) of the free volume 
concentration that has to be determined3.  
Substituting Eq. (3.54) and /or Eq. (3.56) into Eq. (3.42) results in 
 ܂ሺ௜ሻ ൌ ܬሺ௜ሻିଵቀ۴ሺ௜ሻ௘ ൛2ܩሺ௜ሻdev൫۳ሺ௜ሻ௘ ൯ ൅ ܭሺ௜ሻtr൫۳ሺ௜ሻ௘ ൯૚ൟ۴ሺ௜ሻ௘ Tቁ (3.58) 
This is the specific form of constitutive equation for the stress in each constituent 
phase. Eq. (3.58), with Eq. (3.41), being the total constitutive description for an in-situ 
BMG composite. 
Incorporation of the preceding equation for stress into the microforce stress defined 
by Eq. (3.52) yields 
                                                            
3 ξT varies with temperature: ξT ൌ ξg ൅ kθ൫θ െ θg൯, where ξ୥ is the thermal equilibrium free volume 
concentration at the glass transition temperature θ୥, k஘ ൐ 0 is a constant of proportionality with units 




     ܂ሺ௜ሻ௣ ൌ ۱ሺ௜ሻ௘ ൛2ܩሺ௜ሻdev൫۳ሺ௜ሻ௘ ൯ ൅ ܭሺ௜ሻtr൫۳ሺ௜ሻ௘ ൯૚ൟ (3.59)
This equation will be used later to calculate the driving force. 
3.4.2 Specific forms of kinetic relations 
In this section, the inequality Eq. (3.51) will be used to determine the kinetic 
relationship for the plastic shear rate inside the material, and this inequality must hold 
for every admissible mechanism of deformation occurring in the material. It is 
assumed that the dissipation mechanism in each constituent phase is strictly 
dissipative i.e: 
     ܂ሺ௜ሻ௣ . ۲ሺ௜ሻ௣ െ
߲ ෠߰ሺ௜ሻ൫۱ሺ௜ሻ௘ , λതሺ௜ሻ൯
߲λതሺ௜ሻ λ
തሶ ሺ௜ሻ ൒ 0 (3.60)
If the inequality defined by Eq. (3.60) is satisfied at all times, the inequality Eq. (3.51) 
will also be satisfied.  
Coupling the inequality Eq. (3.60) for the crystalline phase with Eq. (3.54) yields 
     ܂ሺଵሻ௣ . ۲ሺଵሻ௣ ൒ 0 (3.61)
The term ܂ሺଵሻ௣ . ۲ሺଵሻ௣  in Eq. (3.61) is the total mechanical power dissipation per unit 
volume of the crystalline phase in the reference configuration, where ܂ሺଵሻ௣  acts as the 
driving force for plastic deformation in the crystalline phase. 




     ܂ሺଶሻ௣ . ۲ሺଶሻ௣ െ
߲ ෠߰ሺଶሻ൫۱ሺଶሻ௘ , ξ൯
߲ξ ξሶ ൒ 0 (3.62)
By substituting trሺ۲ሺଶሻ௣ ሻ ൌ ξሶ, the preceding inequality becomes 
     ܇ሺଶሻ௣ . ۲ሺଶሻ௣ ൒ 0 (3.63)
where 
     ܇ሺଶሻ௣ ؝ ቊ܂ሺଶሻ௣ െ ቆ
߲ ෠߰ሺଶሻ൫۱ሺଶሻ௘ , ξ൯
߲ξ ቇ ૚ቋ (3.64)
The left hand side of Eq. (3.63) represents the total mechanical power dissipation per 
unit volume in the reference configuration for the amorphous phase, and ܇ሺଶሻ௣ is the 
driving force for the plastic deformation in the amorphous phase. 
Substitution of Eq. (3.13) into Eq. (3.61), and Eq. (3.14) into Eq. (3.63) respectively 
yields  
     ݇ሺଵሻ൫sym଴ሺ܂ሺଵሻ௣ ሻ. ۼሺଵሻ൯ߛሶሺଵሻ ൒ 0        (3.65)
 ݇ሺଶሻ ቀsym଴ሺ܂ሺଶሻ௣ ሻ. ۼሺଶሻቁ ߛሶሺଶሻ ൅ sym ቆ܂ሺଶሻ௣ െ
߲ ෠߰ሺଶሻ
߲ξ ૚ቇ . ሺ1/3ሻξሶ૚ ൒ 0 (3.66)
The inequalities Eq. (3.65) and Eq. (3.66) will subsequently be used to determine the 
kinetic relationships for ߛሶሺଵሻ, ߛሶ ሺଶሻ (plastic shear rates) and ξሶ  (rate of evolution of free 




3.4.2.1 Kinetic relations for the crystalline phase 
For the crystalline phase, assumption of rate-dependant, isotropic metal plasticity 
implies that the inequality Eq. (3.65) is satisfied if  







where the variable ݏሺଵሻ ൌ ̂ݏሺଵሻሺߛሶሺଵሻሻ ൐ 0, which has units of stress, is the resistance to 
plastic flow, ߛሶ଴ሺభሻ ൌ ߛሶ෠଴ሺభሻሺݏሻ ൐ 0 is a reference flow-rate, and mଵ ሺ0 ൏ mଵ ൑ 1ሻ is a 
macroscopic rate-sensitivity parameter. Here, mଵ ՜ 0 renders Eq. (3.67) rate 
independent, while mଵ ൌ 1 implies linear viscosity. To satisfy Eq. (3.67), the 
following relationship is used: 






ቇ ۼሺଵሻ  (3.68)
Taking the magnitude of both sides of Eq. (3.68) yields 












Eq. (3.70) implies that for an isotropic viscoplastic material, the direction of plastic 
flow is aligned with the direction of the microforce stress (Mandel stress).  
By defining ߬ҧሺଵሻ as an equivalent shear stress and ݇ሺଵሻ as follows: 
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     ߬ҧሺଵሻ ؝ ݇ሺଵሻหሺsym଴ሺ܂ሺଵሻ௣ ሻห ൒ 0,       and       ݇ሺଵሻ ؝ ඥ1/2  (3.71)
Equation (3.69) can be rearranged to  
     





Eq. (3.72) is the kinetic relationship for the evolution of plastic shear deformation in 
the crystalline phase. 
The evolution of resistance to plastic flow, ݏሺଵሻ can be expressed by 
     ݏሶሺଵሻ ൌ ݄ሺଵሻߛሶሺଵሻ (3.73)
where ݄ሺଵሻ ൌ ෠݄ሺଵሻሺݏሻ is a hardening function that can be fitted by the following 
equation for metallic materials using experimental stress-strain data (Brown et al., 
1989):   







, ݏ଴ሺభሻ ൑ ݏሺଵሻ ൑ ݏ௖כሺଵሻ
0, ݏሺଵሻ ൒ ݏ௖כሺଵሻ
(3.74)
where ݄଴ሺభሻ ൐ 0 is the initial hardening modulus, ݏ଴ሺభሻ and ݏ௖כሺଵሻ (with units of stress) 
are respectively the initial resistance and saturation resistance to plastic flow, and ܽ 
is a hardening exponent. This completes the derivation of the kinetic relations for the 
crystalline phase.  
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3.4.2.2 Kinetic relations for the amorphous phase 
For the amorphous phase, the following simple approach for evolution of the free 
volume concentration can be considered in deriving the kinetic relations (Thamburaja 
and Ekambaram, 2007): 
 ξሶ ൌ ξሶୟ ൅ ξሶୠ (3.75)
in which  
 ξሶୟ ൌ ζߛሶሺଶሻ (3.76)
Here, ξሶୟ is the creation of free volume concentration due to plastic shear deformation 
(de Hey et al., 1998), ζ ൌ ζመሺ܂ሺଶሻ௣ , ξሻ is the coefficient of free volume creation 
(dilatancy function) and ξሶୠ is the change in free volume concentration due to other 
mechanisms like relaxation, diffusion, hydrostatic pressure, etc, which will be 
determined later (see Eq. (3.100)) 
By substituting Eq. (3.75) into the inequality Eq. (3.66),  
 ቊ݇ሺଶሻሺsym଴ሺ܂ሺଶሻ௣ ሻ. ۼሺଶሻሻ ൅ ζ ቆሺ1/3ሻsymሺ܂ሺଶሻ௣ ሻ. ૚ െ
߲ ෠߰ሺଶሻ
߲ξ ቇቋ ߛሶሺଶሻ
൅ ቊሺ1/3ሻsymሺ܂ሺଶሻ௣ ሻ. ૚ െ
߲ ෠߰ሺଶሻ
߲ξ ቋ ξሶୠ ൒ 0 
(3.77)
Taking each dissipation mechanism to be strictly dissipative, 
 ቊ݇ሺଶሻሺsym଴ሺ܂ሺଶሻ௣ ሻ. ۼሺଶሻሻ ൅ ζ ቆሺ1/3ሻsymሺ܂ሺଶሻ௣ ሻ. ૚ െ
߲ ෠߰ሺଶሻ




 ቊሺ1/3ሻsymሺ܂ሺଶሻ௣ ሻ. ૚ െ
߲ ෠߰ሺଶሻ
߲ξ ቋ ξሶୠ ൒ 0 (3.79)
If the inequalities defined by Eq. (3.78) and (3.79) are satisfied at all times, the 
inequality Eq. (3.77) will also be satisfied. 
By defining the scalar function π஁ሺଶሻ and ݇ሺଶሻ as follows, 
 π஁ሺଶሻ ؝ ቊ݇ሺଶሻሺsym଴ሺ܂ሺଶሻ௣ ሻ. ۼሺଶሻሻ
൅ ζ ቆሺ1 3⁄ ሻsymሺ܂ሺଶሻ௣ ሻ. ૚ െ
߲ ෠߰ሺଶሻ
߲ξ ቇቋ   and    ݇ሺଶሻ ؝ ඥ1/2  
(3.80)
the inequality Eq. (3.78) becomes 
 π஁ሺଶሻߛሶሺଶሻ ൒ 0 (3.81)
where π஁ሺଶሻ is the driving force for plastic shear deformation in the amorphous phase 
of the BMG composite.  
Defining the hydrostatic pressure as Pഥሺଶሻ ؝ െሺ1/3ሻtrሺ܂ሺଶሻ௣ ሻ enables Eq. (3.80) to be 
written as 
 π஁ሺଶሻ ൌ ݇ሺଶሻሺsym଴ሺ܂ሺଶሻ௣ ሻ. ۼሺଶሻሻ െ ζ ቆPഥሺଶሻ ൅
߲ ෠߰ሺଶሻ
߲ξ ቇ (3.82)
Rearrangment of Eq. (3.82) yields 
 ݇ሺଶሻሺsym଴ሺ܂ሺଶሻ௣ ሻ. ۼሺଶሻሻ ൌ π஁ሺଶሻ ൅ ζ ቆPഥሺଶሻ ൅
߲ ෠߰ሺଶሻ
߲ξ ቇ (3.83)
The following relationship can be used to satisfy Eq. (3.83):  
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 ݇ሺଶሻሺsym଴ሺ܂ሺଶሻ௣ ሻሻ ൌ ቊπ஁ሺଶሻ ൅ ζ ቆPഥሺଶሻ ൅
߲ ෠߰ሺଶሻ
߲ξ ቇቋ ۼሺଶሻ (3.84)





Eq. (3.85) defines the direction of inelastic flow in the amorphous phase of the 
composite. 
From Eq. (3.82)  
 ߬ҧሺଶሻ ؝ ݇ሺଶሻሺsym଴ሺ܂ሺଶሻ௣ ሻ. ۼሺଶሻሻ ൌ ඥ1/2 ሺsym଴ሺ܂ሺଶሻ௣ ሻ. ۼሺଶሻሻ (3.86)
where ҧ߬ሺଶሻ is defined as an equivalent shear stress for the amorphous phase. 
The inequality Eq. (3.81) is satisfied if signሺπ஁ሺଶሻሻ ൌ signሺߛሶሺଶሻሻ; to fulfill this and to 
determine the kinetic relation for the amorphous phase, a possible kinetic relation for 
the plastic strain rate, using Eq. (3.81), Eq. (3.82) and Eq. (3.86), is proposed in the 
form of: 
 
ߛሶሺଶሻ ൌ ߛሶ෠଴ሺమሻሺߛሶሺଶሻ, ξሻ ቌ







߲ξ    (3.88) 
which coupled with Eq. (3.57) results in 
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 ߬ҧ௩ሺଶሻ ൌ sஞ౹ሺξ െ ξTሻ (3.89)
̂ݏሺଶሻ൫ߛሶሺଶሻ, ξ൯ ൐ 0 (with units of stress) is the resistance to plastic flow, ߛሶ෠଴ሺమሻ൫ߛሶሺଶሻ, ξ൯ ൐
0 is a reference flow-rate (with units of 1/time), 0 ൏ mଶ ൑ 1 is a macroscopic rate 
sensitivity parameter, and ߬ҧ௩ሺଶሻ is the viscous stress. 
Eq. (3.82) and Eq. (3.87) indicate that the driving force for plastic shear deformation 
in the amorphous phase depends on the hydrostatic-pressure Pഥሺଶሻ and viscous 
stress ߬ҧ௩ሺଶሻ. This pressure-dependent behavior of the amorphous phase can be 
captured by either the driving force or the resistance to plastic flow; the latter 
approach is chosen for this study. Based on previous work on BMGs (Huang et al., 
2002; Thamburaja and Ekambaram, 2007), this pressure and viscous stress 
dependence of the material behavior is accommodated by relating the resistance to 
plastic flow to the hydrostatic pressure through a kinetic relationship. Therefore, Eq. 
(3.87) can be written in the form  
 
ߛሶሺଶሻ ൌ ߛሶ෠଴ሺమሻሺߛሶ , ξሻ ቌ
ҧ߬ሺଶሻ
̂ݏሺଶሻ ቀߛሶሺଶሻ, ξ, Pഥሺଶሻ, ߬ҧ௩ሺଶሻቁ
ቍ
ଵ/୫మ (3.90)
To determine the kinetic relationship for the amorphous phase, it is proposed that: 
 





where in Eq. (3.91), the variable ݏሺଶሻ ൌ ̂ݏሺଶሻሺξ, ߬ҧ௩ሺଶሻሻ ൐ 0 (which has units of stress) is 
the resistance to plastic flow, and the variable  μ ൐ 0 is a dimensionless pressure 
sensitivity parameter. ߛሶ଴ሺଶሻ ൌ ߛሶ෠଴ሺଶሻሺξሻ ൐ 0 is a reference flow-rate with units of 
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1/time and mଶ ሺ0 ൏ mଶ ൑ 1ሻ is a macroscopic rate-sensitivity parameter. The free 
energy is responsible for introducing a viscous stress ߬ҧ௩ሺଶሻ that resists plastic flow. 
The term ൫ݏሺଶሻ ൅ μPഥሺଶሻ൯ in Eq. (3.91) constitutes the resistance to plastic flow in the 
amorphous phase. Here, mଶ ՜ 0 makes Eq. (3.91) rate independent, and can be 
regarded as a Drucker-Prager criterion,  since ߬ҧሺଶሻ ൌ ݏሺଶሻ ൅ μPഥሺଶሻ, while mଶ ൌ 1 
renders Eq. (3.91) linearly viscous. 
The evolution of resistance to plastic flow, sሺଶሻ in Eq. (3.91) can be expressed by 
     ݏሶሺଶሻ ൌ ݄ሺଶሻߛሶሺଶሻ (3.92)
where ݄ሺଶሻ ൌ ෠݄ሺݏሻሺଶሻ is a strain hardening/softening function for the amorphous BMG 
phase in the composite, which is proposed to evolve according to  
     ݄ሺଶሻ ؝ ݄଴ሺమሻ ቀݏ௖כሺଶሻ െ ݏሺଶሻቁ (3.93)
where  
     ݏ௖כሺଶሻ ؝ ݏ௞ሺଶሻ ቀ1 െ  ߜ߬ҧ௩ሺଶሻቁ (3.94)
݄଴ሺమሻ ൐ 0 is a dimensionless material parameter, ݏ௖כሺଶሻ is a critical resistance, ߜ is a 
material parameter (with units of 1/stress), and ݏ௞ሺଶሻ a positive material parameter 
(with units of stress). Note that whenever ݏ௖כሺଶሻ ൐ ݏሺଶሻ the material hardens (݄ሺଶሻ ൐
0 ֜ ݏሶሺଶሻ ൐ 0ሻ, while ݏ௖כሺଶሻ ൏ ݏሺଶሻ promotes softening (݄ሺଶሻ ൏ 0 ֜ ݏሶሺଶሻ ൏ 0ሻ. Eq. 
(3.94) indicates that an increase of the free volume, and consequently an increase of 
ҧ߬௩ሺଶሻ (see Eq. (3.89)), reduces the critical resistance. This expression for the critical 
resistance related to the viscous stress ߬ҧ௩ሺଶሻ is similar to the relationship that Anand 
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and Su (2007) have used in the definition of critical resistance (equation (32) in that 
reference), in which the critical resistance decreases as a linear function of free 
volume for metallic glasses at high homologous tempratures.  
However, current simulation results indicate that the expression for the critical 
resistance in the BMG material at room temperature (Eq. (3.94)) can be replaced by 
introducing the following phenomenological relationship: 
 ݏ௖כሺଶሻ ؝ ݏ௞ሺଶሻ ൭1 െ ߚௗ exp ൬െ
߮
ξ ൰൱ (3.95)
where ݏ௞ሺଶሻ is defined as a key resistance, a positive material parameter with units of 
stress. ߚௗ  ሺ0 ൑ ߚௗ  ൏ 1ሻ is a dimensionless material parameter which controls the 
ratio of softening with evolution of the free volume; ߚௗ   can be evaluated as the 
decrease in resistance from the key resistance to the steady-state level, divided by the 
key resistance.  ߮ ൐ 0 is a dimensionless fitting parameter. In Eq. (3.95), if ξ ب
ξሺ௧ୀ଴ሻ, then ݏ௖כሺଶሻ ՜ ݏ௞ሺଶሻሺ1 െ ߚௗ ሻ, which ensures that the critical resistance never 
reaches near-zero values. It can be argued that interactive forces between the 
amorphous and crystalline phases may not let the resistance in the amorphous phase 
in the composite alloy change linearly with respect to the creation of free volume. A 
linear relationship between free volume evolution and resistance is plausible for 
deformation of monolithic amorphous alloys (see Eq. (3.94)).  
The values for the material parameters must ensure that the inequality Eq. (3.81) is 
always satisfied. Furthermore, Eq. (3.91) implies that to ensure ߛሶሺଶሻ ൒ 0 with ҧ߬ሺଶሻ ൒
0, the values of the material parameters must satisfy the condition 
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 ݏሺଶሻ ൅ µPഥሺଶሻ ൐ 0 (3.96)
Adoption of Eq. (3.95) makes Eq. (3.91) a relatively robust relationship from a 
numerical analysis point of view, by obliging the critical resistance to not attain near-
zero values, which can invalidate the computational analysis. 
Moreover, the inequality Eq. (3.79) can be expressed as  
 π஁஁ሺଶሻξሶୠ ൒ 0 (3.97)
where  
 π஁஁ሺଶሻ ൌ െPഥሺଶሻ െ ߬ҧ௩ሺଶሻ (3.98)
The inequality Eq. (3.97) is always satisfied if (Thamburaja and Ekambaram, 2007) 




where sஞ౹౹ ൌ sොஞ౹౹ሺξሻ ൐ 0 represents a material parameter with units of energy per unit 
volume, and ߛሶ଴ሺమሻ ൐ 0 is a reference flow-rate. 
Substitution of Eqs. (3.99), (3.98), (3.89), (3.76) into Eq. (3.75) yields 
 ξሶ ൌ ζߛሶሺଶሻ െ ቆ
ߛሶ଴ሺଶሻ
sஞ౹౹
ቇ Pഥሺଶሻ െ ቆ
ߛሶ଴ሺଶሻsஞ౹
sஞ౹౹
ቇ ሺξ െ ξTሻ (3.100)
The first term on the right-hand side of Eq. (3.100) represents the creation of free 
volume due to plastic deformation, while the second term is associated with 
generation of free volume due to hydrostatic pressure, and the last term corresponds to 
annihilation of free volume due to relaxation. It should be mentioned that in deriving 
Eq. (3.100), it has been assumed that for ambient temperatures and quasi-static 
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loading conditions, diffusion of free volume can be neglected for specimens of 
macrometer dimensions. The coefficient of free volume creation ζ, is an increasing 
function of the Cauchy stress (Heggen et al., 2004); however, in the current study, for 
the sake of simplicity, ζ is considered to be constant.  
This completes the derivation of the kinetic relations for the amorphous phase.  
3.5 Experimental procedure and finite-element simulations 
In the development of the constitutive equation, it is assumed that each constituent 
phase experiences affine deformation with its own kinetic relationship. Therefore, it 
can be argued that if the material properties of each constituent phase is known, the 
model developed should be able to capture the overall behavior of an in-situ BMG 
composite. To evaluate the model, three types of samples, based on a 
La଼଺ି୷AlଵସሺCu, Niሻ୷ composition, were produced: (a) In-situ BMG composite alloy 
samples of La74Al14Cu6Ni6 ሺݕ ൌ 12ሻ with a 50% volume faction of the crystalline 
phase (i.e. ߥሺଵሻ ൎ 0.5, ߥሺଶሻ ൎ 0.5ሻ; (b) monolithic La-based amorphous alloy with a 
composition of La62Al14Cu12Ni12 ሺݕ ൌ 24ሻ and ߥሺଵሻ ൎ 0, ߥሺଶሻ ൎ 1; (c) pure 
polycrystalline lanthanum (La100) (i.e. ߥሺଵሻ ൎ 1, ߥሺଶሻ ൎ 0ሻ. The crystalline dendrite 
phase in the BMG composite is identified as lanthanum precipitated from the 
amorphous phase; it is believed that this La phase reinforces the in-situ BMG 
composite (Lee et al., 2004). 
All the three sample types were fabricated by arc-melting in an argon atmosphere. To 
produce each type according to its weight composition, the desired mixture of La 
(99.9999%), Al (99.98%), Cu (99.9999%) and Ni (99.98%) was placed in a quartz 
crucible and melted in an induction furnace. All the materials were chill-cast by 
pouring the molten alloy a copper mold with cavity dimensions of Ԅ5 ൈ 60mm. 
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Detailed procedures for producing these BMG and BMG composite alloys can be 
found in the work of Tan et al. (2003) and Lee et al (2004) and in Appendix A. 
Cast rods of Ԅ5 ൈ 60 mm  were machined to produce samples measuring Ԅ4 ൈ 8 
mm. Reducing the diameter from Ԅ5 mm  to Ԅ4 mm  removes the thin layer 
ሺ~0.5 mmሻ of fully amorphous alloy observed at the outer surface of the 5 mm  chill-
cast rods (Tan et al., 2002). This eventually yields a homogeneous cross-section like 
that shown in Figure 2.10. The same method was used to produce pure La rods with a 
final sample size of Ԅ4 ൈ 8 mm. 
The cross-section of the rods was examined by X-ray diffraction (XRD), and XRD 
spectra for monolithic amorphous La-based alloy and its composite are shown in 
Figure 3.3. The diffraction pattern for the composite shows intense peaks 
corresponding to a crystalline hcp lanthanum phase in the form of dendrites. There is 
no sharp peak in the spectrum for monolithic BMG alloy, and this is characteristic of 




Figure 3.3 - XRD pattern for La-based in-situ BMG composite and monolithic BMG alloy 
 
The specimen surfaces which come into contact with the testing machines were 
ground parallel and polished using super fine 1200 grit silicon carbide paper. In order 
to minimize the influence of thermal history (experienced by specimens during 
production) on mechanical properties, all machined specimens were annealed using 
an Instron 3119 series environmental chamber. They were heated from a room 
temperature of 24Ԩ at a rate of 5Ԩ/min to 165Ԩ, then kept at 165Ԩ for 6 min, and 
finally cooled over 20 minutes back to room temperature. It is assumed that this 
annealing procedure allows the free volume in both the monolithic BMG and in-situ 
BMG composite, to reach to an equilibrium state ξ௧ୀ଴ ൎ ξT, (Lu et al., 2003).  
Samples were subjected to compression at different strain rates under quasi-static 
loading ሺ߳ሶ ൏ 10ିଵݏିଵሻ. It is assumed that within this range of strain rates, isothermal 
conditions prevail. All tests were performed using an Instron 8874 axial/torsional 
servo hydraulic machine, and a thin film of molybdenum disulphide was applied to 
the surfaces in contact with the machine to ensure near-frictionless conditions. An 





















addition, strain gauges (Tokyo Sokki Kenkyujo; type FLG-02-11; operating range 
3%) were used to measure the strains corresponding to the initial linear response, 
from which the Young's modulus was derived. Note that because the samples were 
produced in-house, only small rods could be fabricated and this limited the 
experiments undertaken to simple compression tests4. 
A VUMAT user-subroutine in the commercial finite element program 
Abaqus/Explicit was written to describe the mechanical response of the in-situ BMG 
composite; this is based on the constitutive model proposed in previous sections in 
Chapter 2. Assuming homogeneous deformation, three dimensional continuum-brick 
elements (Abaqus C3D8R) were used to simulate simple compression5.  
Figure 3.4 shows a comparison between experimental data6 and simulation results in 
terms of the compressive stress-strain response of pure lanthanum at different strain 
rates – 0.0001/s, 0.001/s and 0.01/s. To describe the behavior of lanthanum, the 
volume fraction of the crystalline phase in the finite element model was set at 
ߥሺଵሻ ൌ 1, and that of amorphous phase was ߥሺଶሻ ൌ 0. 
                                                            
4 Attempts were made to produce longer samples suitable for tensile tests, but it was not possible to 
obtain samples free of voids and of consistent geometry. This study therefore focuses on compressive 
response. (Other modes of loading – e.g. tension, bending, torsion, etc. –  can be investigated when the 
fabrication process for such samples is perfected.) 
5 The cross-section of BMG composite specimens during the compression test was observed to deform 
homogeneously before failure and supports the assumption of homogenous deformation. 
 









Figure 3.4- Stress-strain response at different strain rates for pure lanthanum at room temperature, (ν(1) 
= 1, ν(2) = 0) 
 
Lanthanum samples tend to buckle beyond 8% of strain, but the ultimate strain before 
failure exceeds 25%. The samples display strain-hardening and a small degree of 
strain rate sensitivity for loading in the range of 0.0001/s-0.01/s. The material 






















Table 3.1 - Material parameters for pure lanthanum 
ܩሺଵሻ ൌ 11.27 GPa ܭሺଵሻ ൌ 21.87 GPa ߛሶ଴ሺభሻ ൌ 0.001 sିଵ mଵ ൌ 0.025 
ݏ଴ሺభሻ ൌ 40 MPa ݏ௖כሺଵሻ ൌ 175 MPa ݄଴ሺభሻ ൌ 300 GPa ܽ ൌ 9.2 
 
 
The Poisson's ratio for lanthanum is taken to be 0.28 (Cardarel, 2008), and the 
Young's modulus is obtained from the initial slope of the experimental stress-strain 
data, resulting in a value of 28.87 GPa. Hence, the shear modulus ܩሺଵሻ is 11.27 GPa, 
and the bulk modulus ܭሺଵሻ is 21.87 GPa. The value of the reference flow-rate ߛሶ଴ሺభሻis 
taken to be 0.001 sିଵ, which is close to the experimental strain-rates. Other material 
parameters for pure lanthanum were extracted through fitting the simulated stress-
strain curve with experimental data. The rate sensitivity parameter mଵ was determined 
to be 0.025, which indicates a small degree of rate sensitivity at quasi-static rates of 
loading and room temperature. 
Monolithic La-based BMG alloy shows brittle behavior at room temperature for 
uniaxial compressive loading, and catastrophic failure occurs via shear band 
localization, with a linear stress-strain response before failure. The material 
parameters that need to be determined for monolithic BMG material are ሼܩሺଶሻ, ܭሺଶሻ, 
ߛሶ଴ሺమሻ, mଶ, ݏ଴ሺమሻ, ݏ௞ሺଶሻ, ݄଴ሺమሻ, ߞ, ξT, ߤ, sஞ౹, sஞ౹I, ߚௗ, ߮ሽ. One parameter that can be 
extracted from the linear stress-strain response of the monolithic amorphous alloy 
under compression is the Young's modulus, which was found to be 42.54 GPa. The 
approximate value for the Poisson's ratio of La-based metallic glass is taken as 0.358 
(Chen et al., 2008; Jiang et al., 2007); hence the value for the shear modulus ܩሺଶሻ is 
15.66 GPa, and the bulk modulus ܭሺଶሻ is 49.93 GPa. ξT is calculated from the 
relationship ξT ൌ ξ୥ ൅ k஘൫θ െ θ୥൯, where the values of ξ୥ ൌ 5.58 ൈ 10ିଷ, k஘ ൌ
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1.54 ൈ 10ିହ Kିଵ and θ୥ ൌ 410 °K for La-based BMG amorphous alloy were taken 
from the work of Ekambaram et al. (2010). Hence, at an ambient temperature of 
θ ൎ 297 °K, the thermal equilibrium free volume concentration ξT is 0.0038. The 
pressure sensitivity parameter is taken to be ߤ ൌ 0.12, which is that determined for a 
Vitreloy 1 metallic (Lu, 2002). Since BMG specimens show nearly strain rate 
insensitive behavior for quasi-static rates of loading at room temperature, the rate-
sensitivity parameter mଶ was set to 0.01, to approximate a near-zero value to describe 
rate-insensitivity7. The work of Heggen et al. (2004) asserts that the value of free 
volume creation ߞ increases with stress. However, for the sake of simplicity, in this 
study ߞ is taken to be constant at 0.02, which is around the value that Heggen et al. 
(2004) reported for Pd-Ni-Cu-P BMG; this is also near the values that other authors 
used in their simulations (e.g. Thamburaja 2011, Anand and Su 2005). The reference 
flow-rate, ߛሶ଴ሺమሻfor the amorphous phase is taken to be the same as ߛሶ଴ሺభሻ (ൌ 0.001 sିଵ), 
which is the value for the crystalline phase. Other undetermined material parameters 
in the constitutive model for monolithic BMG at room temperature are ሼݏ଴, ݏ௞ሺଶሻ, 
݄଴ሺమሻ, sஞ౹ , sஞ౹I, ߚௗ, ߮ሽ. Since monolithic BMG is brittle under uniaxial compression at 
room temperature, these undetermined material parameters were estimated through 
fitting of the stress-strain curve for an in-situ BMG composite with a 50% crystalline 
volume fraction; this exhibits a larger failure strain than monolithic BMG. 
Correspondingly, to model the in-situ BMG composite and evaluate the undetermined 
material parameters for the amorphous phase, the known parameters for this phase, 
i.e. ܩሺଶሻ, ܭሺଶሻ, ߛሶ଴ሺమሻ, mଶ, ߞ, ξT, ߤ, and those determined previously for the 
polycrystalline material (listed in Table 3.1), as well as the volume fractions of each 
                                                            




phase in the composite (i.e. ߥሺଵሻ ൌ 0.5, ߥሺଶሻ ൌ 0.5), were input to the finite element 
program. This was used to simulate stress-strain responses of the composite, and the 
undetermined parameters were adjusted until a good fit between the computational 
and experimental results was obtained. Values of the material parameters obtained for 
the monolithic La-based BMG are listed in Table 3.2 
Table 3.2 - Material parameters for a La-based BMG at room temperature 
ܩሺଶሻ ൌ 15.66 GPa ܭሺଶሻ ൌ 49.93 GPa ߛሶ଴ሺమሻ ൌ 0.001 sିଵ mଶ ൌ 0.01 
ݏ଴ሺమሻ ൌ 265 MPa ݏ௞ሺଶሻ ൌ 880 MPa ݄଴ሺమሻ ൌ 100 ߞ ൌ 0.02 
ξT ൌ 0.0038 ߤ ൌ 0.12 sஞ౹ ൌ 1000 GJ/mଷ sஞ౹I ൌ 4000 Gl/mଷ
ߚௗ  ൌ 0.75 ߮ ൌ 0.0017
 
Figure 3.5 shows the stress-strain simulation results and experimental data for 
compression of the in-situ BMG composite with a 50% crystalline volume fraction 




Figure 3.5 - Compressive stress-strain response of in-situ BMG composite at room temperature (ν(1) = 
0.5, ν(2) = 0.5), where X indicates the point of failure. 
 
It can be seen that the in-situ BMG composite exhibits post-yield hardening, followed 
by softening behavior, and it is relatively rate-insensitive in the strain rate range of 
0.0001/s to 0.01/s8. It is worth nothing that the stress-strain curve in Figure 3.5 
correlates well with the experimental results of Lee et al. (2004) up to 3% strain for 
the same material investigated. 
The effect of changing the volume fraction of the crystalline dendrite phase from 0% 
to 100% on the stress-strain curve is captured in Figure 3.6, which shows finite 
element simulation and experimental results. By setting ߥሺଵሻ ൌ 0 and ߥሺଶሻ ൌ 1 the 
FEM model describes the monolithic amorphous alloy; an in-situ BMG composite is 
                                                            
8  The stress-strain curves for BMG composites at room temperature, for strain rates of 0.0001/s to 
0.01/s are almost identical and indistinguishable; therefore, for clarity, only the stress-strain data for a 
strain rate of 0.0001/s is presented. Similarly, monolithic BMG is rate insensitive for the same range of 

























modeled by setting ߥሺଵሻ ൌ 0.5 and ߥሺଶሻ ൌ 0.5; polycrystalline lanthanum behavior is 
simulated by having  ߥሺଵሻ ൌ 1 and ߥሺଶሻ ൌ 0. 
 
Figure 3.6 - Effect of crystalline volume fraction on stress-strain response. 
 
It is noted that some in-situ BMG composite specimens show less ductile behavior 
under compression. These samples possibly contain less of the crystalline phase than 
those with 50% crystallinity. To distinguish between these two types, a sample with 
greater ductility, depicted in Figure 3.5 and Figure 3.6, are denoted as Type I, and a 






























the material parameters listed in Table 3.1 and Table 3.2 into the FEM program and 
changing the amorphous volume fraction to ν(1) = 0.23 and the crystallinity to ν(2) = 
0.77, the linear portion of the stress-strain curve fits the experimental data for a Type 
II sample. By assigning a value of 0.001 to the dimensionless fitting parameter φ, the 
resulting predicted stress-strain curve correlates well with the experimental curve 
(Figure 3.7). 
 
Figure 3.7 - Estimation of volume fraction of polycrystalline phase in samples of lower ductility (Type 
II) using FEM Model (ν(1) = 0.23, ν(2) = 0.77, φ = 0.001). 
 
Figure 3.8 shows optical microscopy images of polished cross-sections of Type I and 
Type II samples. The darker phases are crystalline lanthanum and the brighter are 
monolithic BMG. Microscopy observation and image analysis using the ImageJ 
software reveal that in a Type I sample, the crystalline phase is distributed 



























(ν(1)  0.5, ν(2)  0.5). In Type II samples, the dendrite phase is distributed less 
homogeneously across the rod section, which shows a larger area of the brighter BMG 
phase, of around ~70% (ν(1)  30, ν(2)  70). This morphology difference observed in 
the cross-sections is probably due to imperfection in the casting process.  
 
Figure 3.8 - Optical microscopy images of cross-section of (a) Type I sample with ~50% volume 
crystalline lanthanum  (ν(1)  0.5, ν(2)  0.5). (b) Type II sample with ~30% crystalline lanthanum (ν(1)  
30, ν(2)  70).  
 
Image analysis of Figure 3.8 supports the finite-element estimation (Figure 3.7) on the 
crystallinity of Type II samples, that they contain less crystalline lanthanum. 
Consequently, the proposed constitutive model appears to have the potential to 
describe the behavior of in-situ BMG composites with various amorphous and 
crystalline phases. Further investigation into in-situ BMG composites with different 
volume fractions of the dendrite phase needs to be undertaken to obtain experimental 
data and to calibrate the material parameters more precisely. 
Fractographic observations of an in-situ BMG composite sample subjected to 
compression are shown in Figure 3.9. Clearly, failure occurs via shear, and the 
fracture surface is generally not a straight plane. Figure 3.9 shows that along the 
fracture surface, the angle between the loading direction and the fracture plane varies 
from ߠ௖ ൎ 37ל to ߠ௖ ൎ 48ל. The fracture surface of the BMG composite exhibits a 
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vein-like structure with dimples and micro-voids. This vein-like structure is attributed 
to melting or viscous flow of the BMG phase, and the dimpled surface with micro 
voids is associated with the dendrite phase in the matrix, which experiences extensive 
plastic flow (Lee et al., 2004).  
 






As with previous researchers (Anand and Su, 2005; Anand and Su, 2007; Ekambaram 
et al., 2010; Thamburaja and Ekambaram, 2007), shear localization in a rectangular 
two-dimensional FEM model of a specimen, with a height-to-width ratio of 2:1, is 
examined, since the characteristics of shearing are more clearly discerned in two-
dimensional plane-strain calculations. This simulation of compression used 12,800 
Abaqus-CPE4RT continuum plane-strain elements, as shown in Figure 3.10. A few 
elements with a smaller initial value of resistance (ݏ଴ሺమሻ ൌ 250 MPaሻ are introduced at 
the top right corner of the specimen. This imperfection serves as a nucleation site for 
shear localization. Figure 3.10 shows contour plots of the equivalent plastic strain, 
defined as ׬ ߛሶሺ߯ሻ݀߯ ௧଴ , at three different stages of deformation: (a) an early phase, (b) 
mid-stage and (c) final failure. It is seen that deformation localization and failure 
occurs via a shear band. Figure 3.10 shows that with the material parameters assumed, 
the shear fracture path is not straight; the fracture angle between the compression 
direction and the fracture plane varies from ߠ௖ ൎ 40° near the free edges, to ߠ௖ ൎ 45° 
inside the material, which corresponds closely with the experimental data in Figure 
3.9.9 
                                                            
9 Localized deformation phenomena, such as shear band formation, are observed experimentally, and it 
is estimated that the shear band thickness is of nano-size dimensions (e.g. Zhang and Greer, 2006). 
Finite element modelling of such instabilities is mesh-dependent. In this study, the orientation of the 
shear band was taken as an indication of convergence as the mesh is refined. Use of 12,800 Abaqus-
CPE4RT continuum plane-strain elements was sufficient to capture the overall geometric 




Figure 3.10 - Equivalent plastic contour plots strain for compression, using 12,800 Abaqus-CPE4RT 
continuum plane-strain elements ; (a) initial loading, (b) mid-stage, (c) final failure. 
 
3.6 Conclusions and future work 
A three-dimensional constitutive equation for in-situ BMG composites based on 
finite-deformation macroscopic theory and experimental data, for application at 
ambient temperature and different strain rates, has been established. A monolithic La-
based BMG alloy with a composition of La62Al14Cu12Ni12, a recently-developed in-
situ BMG composite alloy comprising La74Al14Cu6Ni6 with a 50% crystalline volume 
fraction, and pure polycrystalline lanthanum (La100) were studied in terms of their 
deformation characteristics. Specimen samples were cast in-house and compression 
tests over a range of strain rates at ambient temperature performed. 
 A time-integration procedure to implement the constitutive model in the 
Abaqus/Explicit finite element code was written, using the user-material subroutine 
VUMAT. The material parametes in the constitutive equations were determined and 
calibrated for use in the code. The constitutive model established is able to describe 
stress-strain and shear localization responses that correlate well with experimental 
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data. It also has the potential to define the behavior of in-situ BMG composites with 
various amorphous and crystalline volume fractions. To the best of our knowledge 
this is a first time that a three-dimensional constitutive model, based on the principle 
of thermodynamics, has been developed to describe the behavior of BMG composite 
at room temperatures. 
 
Future efforts could include: 
 A direct extension to investigate the response of BMG composites at high 
rates of deformation. This is relevant to military applications related to 
metallic-glass based tank-armor penetrators to replace those made of depleted 
uranium, which constitute a biological hazard (Most crystalline metal 
projectiles flatten and mushroom upon impact; however, BMG composites fail 
by shear banding and thus exhibit self-sharpening). The ability of the 
constitutive model developed to capture high strain rate behavior can be 
verified experimentally through ballistic impact and Split-Hopkinson Bar 
tests. 
  Exploration of failure modes for an in-situ BMG composite at different 
temperatures and strain rates for different volume fractions of the crystalline 
phase. These could be shear band dominated or dislocation-related 
mechanism.  
 The present work can be extended to test BMG composite under different 
loading conditions (e.g. tension, bending, etc.) to calibrate the material 
parameters more accurately and to include in-situ bulk metallic glass 
composites with different compositions. 
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 Some recent studies on sub-micron or nano-sized fully amorphous samples 
reveal size dependent properties. For example, shear band formation varies 
with sample size and is less sudden in smaller samples. In addition, the effect 
of diffusion of free volume on material properties becomes more significant in 
smaller samples (e.g. Thamburaja 2011). A possible extenion of the present 
work is a study of length scale dependent properties in BMG composites and 




Chapter 4 - Thermo-mechanical constitutive description of 




Experimental stress-strain responses of La-based in-situ Bulk Metallic Glass (BMG) 
composites within the supercooled region reveal post-yield hardening-softening, 
followed by subsequent strain-hardening. This behavior contrasts with that of 
monolithic La-based BMGs, which reaches a steady stress level after an overshoot. 
XRD analysis of BMG composites reveals the formation of intermetallic compounds 
during compressive deformation. These intermetallic compound 
formation/interactions associate with storage of energy in the material and affect the 
stress-strain response of it. 
In this work, an elastic-viscoplastic, three-dimensional, finite deformation constitutive 
model has been developed to describe the behavior of a recently developed La-based 
in-situ BMG composite material, within the supercooled region, at ambient pressure 
and a range of strain rates. The constitutive model is incorporated into a finite element 
program (Abaqus/Explicit) via a user material subroutine. Numerical predictions are 
compared with compressive experimental results on BMG composites (La-Al-Cu-Ni) 






At ambient temperatures, BMG composites, are essentially rate-independent, have 
higher ductilities than monolithic BMGs, and are characterized by strain softening and 
the formation of shear bands. On the other hand, BMG composites at high 
temperatures (near and above the glass transition temperatures) are highly rate-
dependent and show fluid-like flow, which endow them great potential for 
superplastic forming and the fabrication of complex near-net shapes by injection 
molding, die casting, etc. A systematic study of various mechanical properties of Zr-
based in-situ BMG composites at high temperatures has shown that their mechanical 
properties are dominated by deformation of the amorphous matrix phase (Fu et al., 
2007b). The present study also concurs that the compressive stress-strain response 
reaches a steady state after an initial stress overshoot (Fu et al., 2007b). A study of the 
homogeneous deformation responses of La-based BMG and in-situ BMG composites 
near the glass transition temperature ሺ~0.9ߠ௚, where ߠ௚ is the glass transition 
temperature) for different strain rates, shows that although the volume fraction of the 
lanthanum dendrite phase in the composite is varied from 37% to 52%, the 
compressive stress-strain response of the material remains similar, both qualitatively 
and quantitatively (Fu et al., 2007a). Nanocrystal formation and aggregation have 
been reported for some BMGs. This phenomenon has as an important influence on the 
mechanical properties in the supercooled region, and is associated with non-
Newtonian behavior and an increase in flow stress (Bae et al., 2002; Nieh et al., 2001; 
Wang et al., 1999). 
In this study, the compressive stress-strain responses of La-based in-situ BMG 
composite samples in the supercooled region at various strain rates (0.001/s-0.01/s) 
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show post-yield hardening-softening (stress overshoot) followed by secondary strain-
hardening.This secondary strain-hardening is not observed in monolithic La-based 
BMGs subjected to the same loading conditions, and the stress settles to a plateau 
after the initial stress overshoot. Figure 4.1 shows the experimental compressive 
stress-strain responses, corresponding to a strain rate of 0.001/s at 165°C, for (a) La-
based BMG composite with 50% volume fraction of the dendrite phase, (b) 
monolithic BMG, (c) pure crystalline lanthanum. 
 
Figure 4.1 – Stress-strain responses of in-situ BMG composite, monolithic BMG and crystalline 
lanthanum corresponding to a strain rate of 0.001/s at 165°C 
 
It is observed that the initial linear portion of the stress-strain curves for the BMG and 
the BMG composite coincide, and it has a steeper slope than the response for pure 
lanthanum. This experimental observation indicates that the stress-strain responses of 
























behavior of the in-situ BMG composite – i.e. homogenization by assuming affine 
deformation of the amorphous and crystalline phases cannot be adopted to yield the 
overall behavior of the BMG composite. Analysis of XRD spectra for as-cast and 
deformed BMG composite samples also show an increase in the volume fraction of 
crystalline lanthanum and the formation of some binary intermetallic crystalline 
compounds during deformation. This strain-induced intermetallic formation is 
believed to be the cause of the secondary strain-hardening observed and is associated 
with storage of energy in the material (This will be described in the Section on 
Experimental Procedure and Finite-element Simulations). 
The constitutive model for a BMG composite at high temperatures is developed by 
considering the BMG composite alloy as a uniform homogenous material with 
isotropic properties and its own kinetic relationship. The storage of energy in the 
material due to crystallization and its effect on material behavior is also considered  
A major objective of the present work is to develop a three-dimensional thermo-
mechanical constitutive equation for in-situ BMG composites based on finite-
deformation macroscopic theory and experimental data, applicable to supercooled 
temperatures and ambient pressure, as well as different low strain rates. The Second 
Law of Thermodynamics constitutes the basis of this approach and of this 
investigation topic appears to be hitherto unexplored.  
 
4.2 Kinematics and balance laws 
To develop a constitutive equation for an in-situ BMG composite, applicable at 
supercooled temperatures and ambient pressure, the material is treated as being 
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homogenous with isotropic properties. A constitutive equation for the composite, 
consistent with the Second Law of Thermodynamics, is then derived. Macroscopic 
theories for rate-dependent elastic-viscoplastic deformation are developed to obtain 
the kinematics of the motion in the material. It should be noted that although 
homogenization by assuming affine deformation of the constituent phases in the 
composite can be used to predict the overall behavior of in-situ BMG composite at 
room temperatures, experimental results show that this homogenization assumption is 
not valid for high homologous temperatures (this will be expanded on in the Section 
on Experimental procedures and finite-element simulations).  
 
4.2.1 Kinematics of deformation 
For ease of comprehension, all equations required for derivation of the constitutive 
model for in-situ BMG composites at high homologous temperatures are presented in 
sequential order, although some may have already been described in previous 
chapters.  
Consider a homogenous body in a reference configuration and let it be denoted by 
࣬଴. Let ܆ denote a material point in  ࣬଴. There is a one-to-one mapping ܡ ൌ ܡොሺ܆, tሻ 
that describes the motion of  ࣬଴. The deformation gradient is defined by  ۴ ൌ ׏ܡ, and 
the velocity and the velocity gradient are given by: 
 ܞ ൌ ܡሶ ,            ۺ ൌ grad ܞ ൌ ۴ሶ۴ି૚. (4.1)
Using the Kroner-Lee decomposition, the deformation gradient can be decomposed 
into elastic and inelastic components: 
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 ۴ ൌ ۴௘۴௣  (4.2) 
where ۴௣ represents the inelastic deformation gradient, while ۴ୣ elastic deformation 
gradient. 
Using Eq. (4.1), the velocity gradient is  
    ۺ ൌ ۺ௘ ൅ ۴௘ۺ௣۴௘ିଵ (4.3) 
where  
    ۺ௘ ൌ ۴ሶ ௘۴௘ିଵ,    ۺ௣ ൌ ۴ሶ ௣۴௣ିଵ       (4.4) 
ۺ, ۺ௘ and ۺ௣ can be further decomposed into 
    ۺ ൌ ۲ ൅ ܅,         ۺ௘ ൌ ۲௘ ൅ ܅௘, ۺ௣ ൌ ۲௣ ൅ ܅௣            (4.5)
where ۲ ൌ symሺۺሻ, ۲௘ ൌ symሺۺ௘ሻ, ۲௣ ൌ symሺۺ௣ሻ, ܅ ൌ skwሺۺሻ, ܅௘ ൌ skwሺۺ௘ሻ, 
and ܅௣ ൌ skwሺۺ௣ሻ. ۲, ۲௘ and ۲௣ are respectively the total, elastic and plastic 
stretch rates. ܅, ܅௘ and ܅௣ are the corresponding total, elastic and plastic spin rate 
tensors. The right polar decompositions of the deformation gradient are  
    ۴ ൌ ܀܃, ۴௘ ൌ ܀௘܃௘ (4.6) 
where ܀ and ܀௘ are rotations (proper orthogonal tensors), while ܃, and ܃ୣ are 
positive-definite symmetric tensors. Let 
    ۱ ൌ ۴T۴ ൌ ܃ଶ         and ۱௘ ൌ ۴௘T۴௘ ൌ ሺ܃௘ሻଶ  (4.7) 
where ۱ is the right Cauchy-Green deformation tensor and ۱௘ the elastic component 
of the right Cauchy-Green deformation tensor. 
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The change in volume in the deformed configuration with respect to the reference 
configuration is obtained from the determinant of the deformation gradient.  
    ܬ ؝ det ۴ (4.8) 
In the development of this theory, it is assumed that plastic flow is irrotational (Gurtin 
and Anand, 2005) 
 ܅௣ ൌ ૙   ֜  ۺ௣ ൌ ۲௣  (4.9) 
Inelastic flow in the in-situ BMG composite is taken to be similar to that in 
amorphous materials (Thamburaja and Ekambaram, 2007). It is associated with the 
evolution of free volume, and is not isochoric, 
 ۲௣ ൌ ݇ߛሶۼ ൅ ሺ1 3⁄ ሻξሶ૚ (4.10)
where ۼ, which is symmetric and deviatoric, is the direction of inelastic flow (to be 
determined), and trሺۼሻ ൌ 0 and ۼ ൌ ۼ், with the restriction that |ۼ| ൌ  1. ߛሶ  
represents the plastic shear rate and ݇ ൐ 0 is a constant of proportionality. ξሶ (with 
units of 1/time) represents the rate of evolution of the free volume concentration. The 
inelastic dilatation-rate in the material is given by trሺ۲௣ሻ ൌ trሺۺ௣ሻ ൌ ξሶ. Note that the 
first and second terms on the right-hand side of Eq. (4.10) are respectively purely 
isochoric and purely volumetric.10  
This theoretical formulation should be invariant to a change of reference frame. By 
change in the reference frame, the deformation gradient transforms according to  
                                                            
10 It is assumed that crystal formation during inelastic deformation does not induce strain. Otherwise, 




 ۴ ՜ ۿ۴    ֜    ۴ࢋ۴࢖ ՜ ۿ ۴ࢋ۴࢖ (4.11)
where ۿሺݐሻ is a proper-orthogonal rotation tensor.  
Assigning the rotation solely to the elastic deformation gradient component (e.g. 
Gurtin and Anand 2005), i.e. ۴௘ ՜ ۿ ۴௘, results in, ۴௣ being invariant, and by Eq. 
(4.4), ۺ௣ is invariant  
From the uniqueness of polar decomposition, it can be conclude that 
 ۴௘ ՜ ۿ۴௘ ൌ ۿ܀௘܃௘ ֜ ܀௘ ՜ ۿ܀௘ and ܃௘ ՜ ܃௘  (4.12)
where ۿ܀௘ consolidates the rotational components, and therefore ܃௘ is invariant. 
Application of this to Eq. (4.7) yields invariance of ۱௘, or ۱௘ ՜ ۱௘. 
The spectral representation of the elastic stretch ܃௘can be expressed as  
 





where ܚఈ௘ (ߙ =1,2,3) are the eigenvectors of ܃௘ and Λఈ௘  are the positive eigenvalues of 
܃௘. 
A frame-invariant measure of elastic strain is now introduced: 
 





where ۳ࢋ is the symmetric logarithmic elastic strain tensor. The spectral 




۱௘ ൌ ෍ ωఈ௘ ܚఈ௘ ٔ ܚఈ௘
ଷ
ఈୀଵ
where ωఈ௘ ؝ Λఈ௘మ (4.15)
 
4.2.2 Balance of linear momentum 
The balance of linear momentum in the reference configuration can be expressed as 
     Div ܁ ൅ ܊ െ ߩ଴ܞሶ ൌ ૙  (4.16)
where ܁= ܬ܂۴ିT is the first Piola-Kirchoff stress and ܂ the Cauchy stress; ܊ is the 
macroscopic body force per unit reference volume, ߩ଴ ൌ ߩො଴ሺ܆ሻ is the referential mass 
density and ܞ ൌ ܞොሺ܆, ݐሻ the velocity.  
 
4.2.3 Balance of angular momentum  
With respect to the reference configuration, the balance of angular momentum is 
written as 
     ܁۴T ൌ ۴܁T  ֜   ܂ ൌ ܂T (4.17)
4.2.4 Balance of energy 
With respect to the reference configuration, the First Law of Thermodynamics is 
expressed as  
     ܁. ۴ሶ െ Div ܙ ൅ ݎ ൌ ߳ሶ (4.18)
where ܙ is the referential heat flux rate, ݎ the thermal radiation rate per unit reference 




4.2.5 Entropy imbalance (Second Law of Thermodynamics) 
The Second Law of Thermodynamics in the reference configuration is written as  
     ܁. ۴ሶ െ ܙߠ . ׏ߠ െ ߟߠሶ െ ሶ߰ ൒ 0 (4.19)
 
where ߟ is the entropy per unit reference volume and ߠ ൐ 0 is the absolute 
temperature, ߰ is the Helmholtz free energy per unit volume in the reference 
configuration, and is defined as 
     ߰ ൌ ߳ െ ߟߠ    ֜     ሶ߰ ൌ ߳ሶ െ ߟሶߠ െ ߟߠሶ  (4.20)
Eq. (4.19) is the basis for development of the constitutive model. Frame-invariant 
expressions for the free energy will subsequently be introduced, and by substituting 
the free energy expressions into the inequality Eq. (4.19) and considering that the 
Second Law of Thermodynamics must hold for every admissible process, the 
constitutive equation and dissipation inequality (Coleman and Noll, 1963) are 
obtained. 
 
4.3 Free energy 
The free energy of the BMG composite is now considered, so that it is substituted in 
into the inequality Eq. (4.19) to derive the constitutive equations and dissipation 
inequality. The expression for the free energy of the BMG composite is modified with 
respect to existing theories of viscoplasticity for high homologous temperatures and 
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isotropic deformation at the macroscopic level (Anand and Su, 2005; Anand and Su, 
2007; Ekambaram et al., 2010; Q. Yang, 2005 ; Thamburaja and Ekambaram, 2007).  
The macroscopic free energy density for the in-situ BMG composite is assumed to be 
     ߰ ൌ ෠߰ሺ۱௘, ξ, ߵ, ߠሻ (4.21)
where ۱௘is the elastic Cauchy-Green deformation tensor, ξ the free volume 
concentration and ԑ is a measure of the crystallization fraction11. ξ and ԑ are scalar 
internal-state variables which evolve during plastic deformation and define the 
current microstructure of the material; ߠ is the absolute temperature of the material. 
Eq. (4.21) asserts that storage of energy in the material is assumed to be a function of 
elastic deformation, free volume, crystallization fraction and temperature.  
This specific functional form of free energy (Eq. (4.21)) is frame-invariant, since 
۱௘ ՜ ۱௘, ξ ՜  ξ , ߵ ՜ ߵ, ߠ ՜ ߠ ሺξ, ԑ and ߠ are scalar field variables); therefore the 
free energy is frame-invariant; ߰ ՜ ߰. 
Taking the time derivative of Eq. (4.21) results in 
     ሶ߰ ൌ ߲ ෠߲߰۱௘  ۱ሶ





Furthermore, from Eq. (4.2), and Eq. (4.7), 
 ۱௘ ൌ ۴௘T۴௘ ൌ ۴௣షT۴T۴۴௣షభ ൌ ۴௣షT۱۴௣షభ (4.23)
Also, taking the time derivative of Eq. (4.7) yields  
                                                            
11 In this work, the term crystallization fraction is a measure of crystal (regular 
crystals/nonocrystals/intermetallics) nucleation during plastic deformation. It is not to be confused with 
the overall volume fraction of the crystalline phase in the BMG composite. 
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     ۱ሶ ൌ ۴ሶ T۴ ൅ ۴T۴ሶ ൌ ۴TۺT۴ ൅ ۴Tۺ۴ ൌ 2۴T۲۴  (4.24)
and 
     ۱ሶ ௘ ൌ 2܃௘܃ሶ ௘ ൌ ۴ሶ ௘T۴௘ ൅ ۴௘T۴ሶ ௘ ൌ ۴௘Tۺ௘T۴௘ ൅ ۴௘Tۺ௘۴௘ ൌ 2۴௘T۲௘۴௘  (4.25)
A combination of Eq. (4.24) and the time derivative of Eq. (4.23) gives 
 ۱ሶ ௘ ൌ ۴௣షT۱ሶ۴௣షభ ൅ ۶ ൌ 2۴௣షTሺ۴T۲۴ሻ۴௣షభ ൅ ۶ ൌ 2 ۴௘T۲۴௘ ൅ ۶ (4.26)
where  
 ۶ ؝ ۴ሶ ௣షT۱۴௣షభ ൅ ۴௣షT۱۴ሶ ௣షభ (4.27)
Note that ۴௣۴௣షభ ൌ ۷, from which the time derivative of this combined with Eq. (4.4) 
yields 
 ۴ሶ ௣షభ ൌ െ۴௣షభۺ௣     (4.28)
Incorporation of Eq. (4.28) into the expression for ۶ in Eq. (4.27) results in 
 ۶ ൌ െ൫ۺ௣T۴௣షT۱۴௣షభ ൅ ۴௣షT۱۴௣షభۺ௣൯ (4.29)
Substitution of Eq. (4.9) and Eq. (4.23) into Eq. (4.29) yields 
 ۶ ൌ െሺ۲௣۱௘ ൅ ۱௘۲௣ሻ ൌ െሺۯT ൅ ۯሻ (4.30)
where  
 ۯ ؝ ۱௘۲௣ (4.31)




 ܬ܂. ۲ െ ቆ ߲ ෠߲߰۱௘ቇ . ൫2 ۴
௘T۲۴௘ െ ۲௣۱௘ െ ۱௘۲௣൯ െ ߲ ෠߲߰ξ ξሶ െ
߲ ෠߰
߲ߵ  ሶߵ
െ ቆߟ ൅ ߲ ෠߲߰ߠቇ ߠሶ െ
ܙ
ߠ . ׏ߠ ൒ 0 
(4.32)
From the symmetry of ߲ ෠߰ ߲۱௘⁄  and ۱௘, and assuming that the free energy is an 
isotropic function of the elastic stretches, therefore ۱௘and ߲ ෠߰ ߲۱௘⁄  have the same 
eigenvectors, they are therefore commutative i.e. ൫߲ ෠߰ ߲۱௘⁄ ൯۱௘ ൌ ۱௘൫߲ ෠߰ ߲۱௘⁄ ൯; 
Therefore, Eq. (4.32) can be rearranged to 
 ቆܬ܂ െ 2۴௘ ቆ ߲ ෠߲߰۱௘ቇ ۴
௘Tቇ . ۲ ൅ ቊ2۱௘ ቆ ߲ ෠߲߰۱௘ቇቋ . ۲
௣ െ ߲ ෠߲߰ξ ξሶ െ
߲ ෠߰
߲ߵ  ሶߵ
െ ቆߟ ൅ ߲ ෠߲߰ߠቇ ߠሶ െ
ܙ
ߠ . ׏ߠ ൒ 0 
(4.33)
By defining  
 ܈ ؝ ቆܬ܂ െ 2۴௘ ቆ ߲ ෠߲߰۱௘ቇ ۴
௘Tቇ (4.34)
As well as combining Eqs. (4.3), (4.6) and. (4.25), and noting the symmetry of ܈, the 
first term in Eq. (4.33) can be written as  
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     ܈. ۲ ൌ ܈. ۺ ൌ ܈. ൫ۺ௘ ൅ ۴௘ۺ௣۴௘ିଵ൯ ൌ ܈. ۺ௘ ൅ ۴௘T܈۴௘ିT. ۺ௣
ൌ ܈. symሺۺ௘ሻ ൅ ܃௘܀௘T܈܀௘܃௘. symሺۺ௣ሻ
ൌ ܈. ۲௘ ൅ ܃௘܀௘T܈܀௘܃௘. ۲௣
ൌ ܈. ۴௘ିT܃௘܃ሶ ௘۴௘ିଵ ൅ ܃௘܀௘T܈܀௘܃௘. ۲௣
ൌ ܈. ܀௘܃ሶ ௘܃௘షభ܀௘T ൅ ܃௘܀௘T܈܀௘܃௘. ۲௣
ൌ ܀௘T܈܀௘. ܃ሶ ௘܃௘షభ ൅ ܃௘܀௘T܈܀௘܃௘. ۲௣
(4.35)
Substitution of Eq. (4.35) into the inequality Eq. (4.33) yields 
 ቆܬ܀௘T܂܀௘ െ 2܃௘ ቆ ߲ ෠߲߰۱௘ቇ ܃
௘ቇ . ൫܃ሶ ௘܃௘షభ൯
൅ ܃௘ ቆܬ܀௘T܂܀௘ െ 2܃௘ ቆ ߲ ෠߲߰۱௘ቇ ܃
௘ቇ ܃௘. ۲௣
൅ ቊ2۱௘ ቆ ߲ ෠߲߰۱௘ቇቋ . ۲
௣ െ ߲ ෠߲߰ξ  ξሶ െ
߲ ෠߰
߲ߵ  ሶߵ െ ቆߟ ൅
߲ ෠߰
߲ߠቇ ߠሶ
െ ܙߠ . ׏ߠ ൒ 0 
(4.36)
This inequality must hold for all values of ܃ሶ ௘, ۲௣ , ξሶ , ሶߵ , ߠሶ  and ׏ߠ Consider the case 
where there is no plastic deformation; ۲௣, ξሶ  and ሶߵ  are then zero. Also, assume 
isothermal thermal conditions ሺߠሶ ൌ 0ሻ and no heat flux (ܙ ൌ ૙ሻ. Hence, only the first 
term in the inequality Eq. (4.36) remains; 
ቀ൫ܬ܀௘T܂܀௘ െ 2܃௘൫߲ ෠߰ ߲۱௘⁄ ൯܃௘൯. ൫܃ሶ ௘܃௘షభ൯ቁ ൒ ૙ . This includes a product of ܃ሶ ௘ 
and variables which are independent of ܃ሶ ௘. The stress ܂ (elastic in this instance) is 
assumed to be rate independent, and ෠߰ሺ۱௘, ξ, ߵ, ߠሻ is also independent of ܃ሶ ௘ . Hence, 
to ensure that the inequality is fulfilled, the coefficient of ܃ሶ ௘܃௘షభ must therefore 
vanish i.e.:  
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 ܬ܀௘T܂܀௘ ൌ ܃௘ ቆ2 ߲ ෠߰ሺ۱
௘, ξ, ԑ, ߠሻ
߲۱௘ ቇ ܃
௘ (4.37)
Let the Mandel stress ۻ௘ (with units of stress) be defined by 
     ۻ௘ ؝ ܬ܀௘T܂܀௘ (4.38)
From the symmetry of ൫߲ ෠߰ ߲۱௘⁄ ൯ and ܃௘, and noting that ൫߲ ෠߰ ߲۱௘⁄ ൯ and ܃௘ have the 
same eigenvectors, they are therefore commutative; i.e. 
൫߲ ෠߰ ߲۱௘⁄ ൯܃௘ ൌ ܃௘൫߲ ෠߰ ߲۱௘⁄ ൯. Hence, the Mandel stress (eq. (4.37)) can also be 
expressed as 
 ۻ௘ ൌ 2܃௘ଶ ቆ ߲ ෠߲߰۱௘ቇ ൌ 2۱
௘ ቆ ߲ ෠߲߰۱௘ቇ (4.39)
Note that Eq. (4.37) can be re-arranged to obtain the equation for the Cauchy stress  
 ܂ ൌ ܬିଵ۴௘ ቆ2 ߲ ෠߲߰۱௘ቇ ۴
௘T (4.40)
Eq. (4.40) is the constitutive equations for the Cauchy stress for an in-situ BMG 
composite.  
Other relationships can be obtained from the inequality Eq. (4.36). Assume that 
plastic deformation is absent (۲௣, ξሶ and ሶߵ  are zero) and that the temperature is 
distributed uniformly in the material ሺ׏ߠ ൌ 0ሻ. Since ߠሶ  in Eq. (4.36) does not appear 
in the function it is multiplied with ൫ߟ ൅ ߲ ෠߰ ߲ ෠߰⁄ ൯, the coefficient of ߠሶ  must vanish. 
This implies that 
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 ߟ ൌ െ ߲ ෠߲߰ߠ  (4.41)
Eq. (4.41) is the constitutive equation for the entropy. 
Furthermore, if all plastic work during plastic deformation is dissipated, the remaining 
terms in Eq. (4.36) define the total mechanical and thermal power dissipation per unit 
volume in the reference configuration. Thus, the dissipation inequality Eq. (4.36) 
reduces to  
 ቊ2۱௘ ቆ ߲ ෠߲߰۱௘ቇቋ . ۲




ߠ . ׏ߠ ൒ 0
(4.42)
The inequality Eq. (4.42) is satisfied if  
 ቊ2۱௘ ቆ ߲ ෠߲߰۱௘ቇቋ . ۲
௣ െ ߲ ෠߲߰ξ ξሶ െ
߲ ෠߰
߲ߵ ሶߵ ൒ 0 (4.43)
and 
     െ ܙߠ . ׏ߠ ൒ 0      if      ׏ߠ ് ૙ (4.44)
If the inequalities defined by Eq (4.43) and Eq. (4.44) are satisfied at all times, it 
means that the inelastic deformation is strongly dissipative. The inequality Eq. (4.43) 
will subsequently be used to determine the kinetic relationship for the plastic shear 
rate inside the material. Eq. (4.44) shows the natural direction of the heat flux, from a 
higher temperature to a lower temperature location. 
Substitution of the Mandel stress from Eq. (4.39) into the inequality Eq. (4.43) yields 
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 ۻ௘. ۲௣ െ ߲ ෠߲߰ξ  ξሶ െ
߲ ෠߰
߲ߵ ሶߵ ൒ 0 (4.45)
This is the total mechanical power dissipation per unit volume in the reference 
configuration. The inequality Eq. (4.45) will subsequently be used to determine the 
kinetic relationship for the plastic shear rate in the material. 
Note that the Mandel stress is frame-invariant; ۻ௘ ՜ ۻ௘, since ۱௘ ՜ ۱௘ and ߰ ՜ ߰. 
Since ۻ௘ is invariant, ܀௘ ՜ ۿ܀௘ and ۻ௘ ൌ ܬ܀௘T܂܀௘, these imply that ܂ transforms 
according to 
 




֜ ܂ ՜ ۿ܂ۿT (4.46)
which fulfils the transformation requirement for Cauchy stresses for rotation of 
coordinates 
 
4.4 Specific form of constitutive equations 
4.4.1 Specific form of free energy 
A general form of the free energy equation established in the previous sections is now 
specifically formulated. This enables determination of the specific form of the 
constitutive equations, and subsequently the kinetic relationships of the material. The 
storage of free energy for a BMG composite is assumed to be attributed to thermo-
elastic deformation, evolution of free volume concentration, crystallization and 
contribution of pure thermal energy in the free energy. The free energy per unit 
reference volume is assumed to be separable according to 
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 ෠߰ሺ۱௘, ξ, ߵ, ߠሻ ൌ ෠߰௘ሺ۱௘, ߠሻ ൅ ෠߰ఏሺߠሻ ൅ ෠߰ஞሺξ, ߠሻ ൅ ෠߰తሺߵ, ߠሻ (4.47)
where ෠߰௘ is the thermo-elastic portion of the free energy density; ෠߰ఏ represents the 
purely thermal portion of the free energy, and ෠߰ஞ and ෠߰஭can be considered micro-
defect energies due to evolution of the internal state variables in the material. ෠߰ஞ is the 
portion related to the evolution of free volume, and ෠߰஭ is due to crystallization in the 
BMG composite. A specific functional form of free energy is chosen with a view 
towards applications: 
 ෠߰௘ሺ۱௘, ߠሻ ൌ ܩ|devሺ۳௘ሻ|ଶ ൅ ሺ1 2⁄ ሻܭሾtrሺ۳௘ሻሿଶ െ 3ܭߙ୲୦ሺߠ
െ ߠ଴ሻሾtrሺ۳௘ሻሿ
(4.48)
 ෠߰ఏሺߠሻ ൌ ܿሺߠ െ ߠ଴ሻ െ ܿߠlnሺߠ ߠ଴⁄ ሻ (4.49)
 ෠߰ తሺߵ, ߠሻ ൌ ࣢ఏ ൅ ሺ1/2ሻ࣢తߵଶ (4.50)
 ෠߰ஞሺξ, ߠሻ ൌ ሺ1/2ሻsஞ౹ξଶ െ sஞ౹ξξT (4.51)
where ܩ ൌ ܩ෠ሺߠ, ξ, ߵሻ and ܭ ൌ ܭ෡ሺߠ, ξ, ߵሻ are respectively the elastic shear and bulk 
moduli; ߙ୲୦ ൌ ߙො୲୦ሺߠ, ξ, ߵሻ is the coefficient of thermal expansion and ܿ ൌ ܿ̂ሺߠ, ξ, ߵሻ is 
the specific heat per unit reference volume. ࣢ఏ ൌ ࣢෡ఏሺߠሻ is the thermal 
transformation energy of crystallization (with units of energy per unit volume), and 
࣢త ൌ ࣢෡తሺߵሻ is the energetic interaction coefficient (with units of energy per unit 
volume). The functional form of ෠߰త has been chosen to be analogous to the phase 
transformation energy in shape memory alloys (e.g. Thamburaja 2010). sஞ౹ ൒ 0 is a 
material parameter (with units of energy per unit volume) that relates the change in 
flow-defect energy due to the change in free volume concentration, and  ξT ൒ 0 
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(dimensionless) represents the thermal equilibrium (fully annealed) free volume 
concentration (to be determined), and changes with temperature: 
     ξT ൌ ξ୥ ൅ k஘൫θ െ θ୥൯ (4.52)
where ξ୥ is the thermal equilibrium free volume concentration at the glass transition 
temperature θ୥, and k஘ ൐ 0 is a constant of proportionality with units of temperature 
inverse (Masuhr et al., 1999a; Masuhr et al., 1999b)  
The thermo-elastic part of the free energy for an isotropic material may be 
alternatively expressed in terms of principal stretches: 
     ෠߰௘ሺ۱௘, ߠሻ ൌ ෰߰௘ሺΛଵ௘ , Λଶ௘ , Λଷ௘ , ߠሻ (4.53)
where Λଵ௘, Λଶ௘ and Λଷ௘ are eigenvalues of  ۱௘. By using the chain-rule and combining 
Eq. (4.13) and Eq. (4.15), the Mandel stress ۻ௘ (Eq. (4.39)) can be expressed as 
     































in which the relationship ߲ωఈ௘ ߲۱௘⁄ ൌ ܚఈ௘۪ܚఈ௘ has been used (e.g. Henann and Anand 
(2009)). From the definition of logarithmic strain Eq. (4.14) ሺ۳௘ ൌ ∑ ሺln Λఈ௘ ሻܚఈ௘ ٔଷఈୀଵ
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௘
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ൌ ෍ ቌቆ ߲ ෰߰
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where Eఈ௘ ൌ ln Λఈ௘  . 
Substituting Eq. (4.48) into Eq. (4.55) results in 
     ۻ௘ ൌ 2ܩdevሺ۳௘ሻ ൅ ܭtrሺ۳௘ሻ૚ െ 3ܭߙ୲୦ሺߠ െ ߠ଴ሻ૚ (4.56)
This equation will be used later to calculate the driving force.  
A combination of Eq. (4.56) and Eq. (4.38) yields  
 ܂ ൌ ܬିଵ܀௘ሼ2ܩdevሺ۳௘ሻ ൅ ܭtrሺ۳௘ሻ૚ െ 3ܭߙ୲୦ሺߠ െ ߠ଴ሻ૚ሽ܀௘T (4.57)
This is the specific form of the constitutive equation for the Cauchy stress in an in-situ 
BMG composite at high temperatures. 
 
4.4.2 Specific forms of kinetic relations 
In this section, the inequality Eq. (4.45) will be used to determine the kinetic 
relationship for the plastic shear rate in the material, and this inequality must hold for 
every admissible deformation mechanism occurring in the material. By substituting 
trሺ۲௣ሻ ൌ ξሶ, the inequality Eq. (4.45) becomes 





 ܇௣ ؝ ቊۻ௘ െ ቆ߲ ෠߲߰ξ ቇ ૚ ቋ (4.59)
The left hand side of Eq. (4.59) represents the total mechanical power dissipation per 
unit volume for the BMG composite in the reference configuration.  
Substitution of Eq. (4.10) into Eq. (4.58) results in 
 ݇ሺsym଴ሺۻ௘ሻ. ۼሻߛሶ ൅ sym ቆۻ௘ െ ߲
෠߰
߲ξ ૚ቇ . ξሶሺ1 3ሻ૚⁄ െ
߲ ෠߰
߲ߵ ሶߵ ൒ 0 (4.60)
It is known that crystallization in BMGs is temperature and strain/strain rate 
dependent, and also hydrostatic pressure assisted (Jiang et al., 2003; Nieh et al., 2001; 
Wang et al., 1999). Compressive experiments on La-based BMG composites at 
different strain rates reveal crystallization of intermetallic compounds in the material. 
This crystallization is believed to be the reason for the secondary rise in stress 
observed in the compressive stress-strain responses, and it becomes noticeable after a 
certain degree of strain. Therefore, it is assumed that the evolution of crystallization is 
strain-induced and is a function of the plastic shear rate as  
 ሶߵ ൌ ߯ߛሶ  (4.61)
where ߯ ൌ ߯̂ሺߛ, ۻ௘, Pഥ, ߠሻ is the coefficient governing crystal formation, and Pഥ is the 
hydrostatic pressure. 
The following approach to describe the evolution of free volume concentration in 




 ξሶ ൌ ξሶୟ ൅ ξሶୠ (4.62)
in which  
 ξሶୟ ൌ ζߛሶ  (4.63)
Here, ξሶୟ is the creation of free volume concentration due to plastic shear deformation 
(de Hey et al., 1998); ζ ൌ ζመሺۻ௘, ξሻ is the coefficient of free volume creation (dilatancy 
function) and ξሶୠ is the change in free volume concentration due to other mechanisms 
like relaxation, diffusion, hydrostatic pressure, etc, which will be determined later 
(see Eq. (4.88)) 
A combination of Eqs. (4.61), (4.62) and (4.63) into the inequality Eq. (4.60) yields 
 
ቐ݇ሺsym଴ሺۻ௘ሻ. ۼሻ ൅ ζ ቌሺ1 3⁄ ሻsymሺۻ௘ሻ. ૚ െ ߲
෠߰
߲ξ ቍ െ ߯
߲ ෠߰
߲ߵቑ ߛሶ
൅ ቊሺ1 3⁄ ሻsymሺۻ௘ሻ. ૚ െ ߲ ෠߲߰ξ ቋ ξሶୠ ൒ 0 
(4.64)
Taking each dissipation mechanism related to plastic shearing and free volume 
evolution to be strictly dissipative, gives 
 
ቐ݇ሺsym଴ሺۻ௘ሻ. ۼሻ ൅ ζ ቌሺ1 3⁄ ሻsymሺۻ௘ሻ. ૚ െ ߲
෠߰
߲ξ ቍ െ ߯
߲ ෠߰
߲ߵቑ ߛሶ ൒ 0 (4.65)
and 
 ቊሺ1 3⁄ ሻsymሺۻ௘ሻ. ૚ െ ߲ ෠߲߰ξ ቋ ξሶୠ ൒ 0 (4.66)
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If the inequalities defined by Eq. (4.65) and (4.66) are satisfied at all times, the 
inequality Eq. (4.64) will also be satisfied. 
By defining ݇ ؝ ඥ1/2  and the scalar function π஁ as 
 
π஁ ؝ ቐ݇ሺsym଴ሺۻ௘ሻ. ۼሻ ൅ ζ ቌሺ1 3⁄ ሻsymሺۻ௘ሻ. ૚ െ ߲
෠߰
߲ξ ቍ െ ߯
߲ ෠߰
߲ߵቑ (4.67)
the inequality Eq. (4.65) becomes 
 π஁ߛሶ ൒ 0 (4.68)
where π஁ is the driving force for plastic shear deformation in a BMG composite.  
Defining the hydrostatic pressure as Pഥ ൌ െሺ1 3⁄ ሻtrሺۻ௘ሻ enables Eq. (4.67) to be 
written as 
 π஁ ൌ ݇ሺsym଴ሺۻ௘ሻ. ۼሻ െ ζ ቆPഥ ൅ ߲
෠߰
߲ξ ቇ െ ߯
߲ ෠߰
߲ߵ (4.69)
Rearranging Eq. (4.69) yields 
 ݇ሺsym଴ሺۻ௘ሻ. ۼሻ ൌ π஁ ൅ ζ ቆPഥ ൅ ߲
෠߰
߲ξ ቇ ൅ ߯
߲ ෠߰
߲ߵ (4.70)
The following relationship can be used to satisfy Eq. (4.70):  
 ݇൫sym଴ሺۻ௘ሻ൯ ൌ ቊπ஁ ൅ ζ ቆPഥ ൅ ߲
෠߰
߲ξ ቇ ൅ ߯
߲ ෠߰
߲ߵቋ ۼ (4.71)
Nothing that |ۼ| ൌ 1, and taking the magnitude of both sides of Eq. (4.71) yields 
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 ۼ ൌ sym଴ሺۻ
௘ሻ
|sym଴ሺۻ௘ሻ| (4.72)
Eq. (4.72) defines the direction of plastic flow in the BMG composite. 
From Eq. (4.69)  
 ߬ҧ ؝ ݇ሺsym଴ሺۻ௘ሻ. ۼሻ ൌ ඥ1/2 ሺsym଴ሺۻ௘ሻ. ۼሻ (4.73)
where ҧ߬ is the equivalent shear stress in the BMG composite. 
The inequality Eq. (4.68) is satisfied if signሺπ஁ሻ ൌ signሺߛሶሻ; to fulfill this and to 
determine the kinetic relation for the amorphous phase, a possible kinetic relation for 
the plastic strain rate using Eq. (4.68), Eq. (4.69) and Eq. (4.73) is proposed in the 
form of: 
 
ߛሶ ൌ ߛሶ෠଴ሺߛሶ , ξ, ߵ, ߠሻ ቆ ҧ߬ െ ζሺP
ഥ ൅ ߬ҧ௩ሻ െ ߯ ҧ߬త




 ߬ҧ௩ ؝ ߲
෠߰
߲ξ     (4.75) 
which coupled with Eq. (4.51) results in 
 ߬ҧ௩ ൌ sஞ౹ሺξ െ ξTሻ  (4.76)
and  
 ߬ҧత ؝ ߲
෠߰
߲ߵ   (4.77)
which coupled with Eq. (4.50) yields 
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 ߬ҧత ൌ ࣢తߵ (4.78)
̂ݏሺߛሶ , ξ, ߵ, ߠሻ ൐ 0 (with units of stress.) is the resistance to plastic flow ߛሶ෠଴ሺߛሶ , ξ, ߵ, ߠሻ ൐
0 (with units of 1/time) is a reference flow-rate, m ൌ mෝ ሺߛሶ , ξ, ߵ, ߠሻ is a macroscopic 
rate sensitivity parameter ሺ0 ൏ m ൑ 1ሻ, ߬ҧ௩ and ҧ߬త are stresses due to free volume and 
crystallization evolution. 
Eq. (4.69) and Eq. (4.74) indicate that the driving force for plastic shear deformation 
is dependent on the hydrostatic-pressure Pഥ , viscous stresses ҧ߬௩ and crystallization 
stress ߬ҧత, This pressure-dependent behavior of the BMG composite can be captured 
by either the driving force or the resistance to plastic flow. The latter approach is 
chosen for this study, based on previous work on BMGs (Huang et al., 2002; 
Thamburaja and Ekambaram, 2007). The pressure and viscous stress dependence of 
the material behavior is accommodated by relating the resistance to plastic flow to 
hydrostatic pressure through a kinetic relationship. Therefore, Eq. (4.74) can be 
written in the following form  
 ߛሶ ൌ ߛሶ෠଴ሺߛሶ , ξ, ߵ, ߠሻ ൬ ߬ҧ െ ߯߬ҧత̂ݏሺߛሶ , Pഥ, ξ, ߵ, ҧ߬௩, ߠሻ൰
ଵ ୫⁄ (4.79) 
To determine the kinetic relationship for the BMG composite at high homologous 
temperatures, it is proposed that: 
 
ߛሶ ൌ signሺ ҧ߬ െ ߯߬ҧతሻߛሶ଴ exp ൬െ ܳ݇Bߠ൰ ቆ
| ҧ߬ െ ߯߬ҧత|
ݏ ൅ µPഥ ቇ
ଵ ୫⁄
(4.80) 
where in Eq. (4.80), the variable ݏ ൌ ̂ݏሺߛሶ , ξ, ߵ, ҧ߬௩, ߠሻ ൐ 0 (which has units of stress), is 
the resistance to plastic flow, and the variable  μ ൐ 0 is a dimensionless pressure 
sensitivity parameter. ߛሶ଴ ൐ 0 is a reference flow-rate with units of 1/time,  and 
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mଶ ൌ mෝ ଶ ሺߛሶ , ξ, ߵ, ҧ߬௩, ߠሻ is a macroscopic rate-sensitivity parameter ሺ0 ൑ mଶ ൑ 1ሻ; ݇B 
is the Boltzmann’s constant and ܳ ൌ  ෠ܳሺ߬ҧ, ݏ, ξ, ߵ, ߠሻ is an activation energy. The term 
ሺݏ ൅ µPഥሻ in Eq. (4.80) constitutes the resistance to plastic flow in the BMG 
composite. Here, m ՜ 0 makes Eq. (4.80) rate independent, and can be regarded as a 
Drucker-Prager criterion,  since ሺ߬ҧ െ ߯߬ҧతሻ ൌ ݏ ൅ μPഥ, while m ൌ 1 renders Eq. (4.80) 
linearly viscous. 
The evolution of resistance to plastic flow ݏ, can be expressed as 
 ݏሶ ൌ ݄ߛሶ  (4.81)
where ݄ ൌ ෠݄ሺݏሻ is a strain hardening/softening function for the BMG composite, 
which is proposed to evolve according to:  
 ݄ ൌ ݄଴ሺݏ௖כ െ ݏሻ (4.82)
where ݄଴ ൐ 0 is dimensionless material parameter; ݏ௖כ is a critical resistance (with 
units of stress). The resistance to plastic flow ݏ has an initial value of ݏ଴, which needs 
to be determined. The following phenomenological relationship is introduced to 
describe the critical resistance ݏ௖כ: 




൭1 െ ߚௗexp ൬െ 1ߜ ҧ߬௩ ൅ ω൰൱ (4.83)
where ݏ௞ is defined as a key resistance, a positive material parameter with units of 
stress. ߚௗ ሺ0 ൑ ߚௗ ൏ 1ሻ is a dimensionless material parameter which controls the 
ratio of softening with the evolution of free volume. ߚௗ is taken as the decrease in 
resistance from the key resistance to the steady-state level, normalized with respect to 
the key resistance. ݊ is a dimensionless positive valued material parameter, and ߜ ൐ 0 
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with units of unit volume per energy. ω is a dimensionless constant, a fitting 
parameter which possesses very small values (~10ି଻ሻ; this ensures that in Eq. (4.83), 
if the viscous stress ߬ҧ௩ approaches a zero value in the early stages of deformation, a 
zero division error will not occur. In Eq. (4.83), if ξ ب ξሺ௧ୀ଴ሻ, then ݏ௖כሺଶሻ ՜
ݏ௞ ቀൣߛሶ ߛሶ଴⁄ exp൫ܳሺଶሻ ݇Bߠ⁄ ൯൧௡ሺ1 െ ߚௗ ሻቁ, which ensures that the critical resistance 
never reaches near-zero values. 
The values for the material parameters must ensure that the inequality Eq. (4.68) is 
always satisfied. Furthermore, Eq. (4.80) implies that to ensure ߛሶ ൒ 0 when ҧ߬ ൒ ߯ ҧ߬త, 
the values of the material parameters must satisfy the condition 
 ݏ ൅ µPഥ ൐ 0 (4.84)
Moreover, the inequality Eq. (4.66) can be expressed as  
 π஁஁ξሶୠ ൒ 0 (4.85)
where  
 π஁஁ ൌ െPഥ െ ߬ҧ௩ (4.86)
The inequality Eq. (4.85) is always satisfied if  





where sஞ౹౹ ൌ sොஞ౹౹ሺξሻ ൐ 0 represents a material parameter with units of energy per unit 
volume; ҧ߬ is the equivalent shear stress and ܩ the elastic shear modulus. 
Substituting Eqs. (4.87), (4.86), (4.76), (4.63) into Eq. (4.62) yields 
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 ξሶ ൌ ζߛሶ െ ቆ ܩߛሶ߬ҧsஞ౹౹
ቇ Pഥ െ ቆܩߛሶsஞ౹ҧ߬sஞ౹౹
ቇ ሺξ െ ξTሻ (4.88) 
The first term on the right-hand side of Eq. (4.88) represents the creation of free 
volume due to plastic deformation, and the second term is associated with generation 
of free volume due to hydrostatic pressure. The last term corresponds to annihilation 
of free volume due to relaxation (Johnson et al., 2002). It should be mentioned that in 
deriving Eq. (4.88), it is assumed that the diffusion of free volume can be neglected. 
The coefficient of free volume creation ζ, is an increasing function of Cauchy stress 
(Heggen et al., 2004); however, for the sake of simplicity in the current study ζ is 
considered to be constant.  
Furthermore, it is assumed that the crystallization evolution (Eq. (4.61)) can be 
described by introducing the following simple phenomenological relationship for the 





ۓ 0 ߛ ൏ ߛ௖ߛ െ ߛ௖
ߛ௙ െ ߛ௖         ߛ௖ ൑ ߛ ൏ ߛ௙
1 ߛ௙ ൑ ߛ
(4.89)
where ߛ௖ is a critical strain at which crystallization initiates, and ߛ௙ is the final strain 
at which all possible potential crystal sites have been formed in the BMG composite. 
It should be noted that for simplicity in developing Eq. (4.89), the effects of stress, 
temperature, and hydrostatic pressure on crystallization have been neglected, and 
crystallization is considered to be primarily strain induced.  
Incorporation of Eq. (4.89) into Eq. (4.61) results in  
 107 
 
 ߯ ൌ 1ߛ௙ െ ߛ௖ 
(4.90)
In this study, it is assumed that the thermal transformation energy of crystallization 
࣢ఏ in Eq. (4.50) can be neglected, and the energetic interaction coefficient ࣢త is 
taken to be constant. 
This completes the derivation of the kinetic relations for the BMG composite at high 
homologous temperatures.  
 
4.4.3 Balance of energy 
In this section, a relationship for the temperature evolution in the in-situ BMG composite is 
obtained by using the dissipation equalities and balance of energy.  
The inequality Eq. (4.44) is satisfied if it is assumed that the material obeys the Fourier's law 
of heat conduction. 
 ܙ ൌ െ݇୲୦׏ߠ (4.91)
where ݇୲୦ ൌ ෠݇୲୦ሺξ, ߵ, ߠሻ is the coefficient of thermal conduction, which is assumed to 
remain constant. 
Incorporation of Eq. (4.47) into the constitutive equation for entropy (Eq. (4.41)) 
results in  
 ߟ ൌ ܿlnሺߠ ߠ଴⁄ ሻ ൅ 3ܭߙ୲୦ሾtrሺ۳௘ሻሿ ൅ sஞ౹ξk஘ െ
߲࣢ఏ
߲ߠ (4.92)
Time derivative of Eq. (4.92) results in 
 108 
 
 ߟሶ ൌ ܿߠ ߠሶ ൅ 3ܭߙ୲୦ൣtr൫۳ሶ





Incorporation of the balance of energy Eq. (4.18), ߳ሶ ൌ ሶ߰ ൅ ߟሶߠ ൅ ߟߠሶ  , ܁ ൌ ܬ܂۴ିT,and 
Eq. (4.91) into Eq. (4.93) result in 
     ܁. ۴ሶ െ ሶ߰ െ ߟߠሶ െ Div ܙ ൅ ݎ ൌ ߟሶߠ (4.94)
 ܁. ۴ሶ െ ሶ߰ െ ߟߠሶ ൅ Div ሺ݇୲୦׏ߠሻ ൅ ݎ
ൌ ቆܿߠ ߠሶ ൅ 3ܭߙ୲୦ൣtr൫۳ሶ





߲ߠଶ ൰ ߠ 
(4.95)
The preceding equation, together with results from the inequalities Eq. (4.19) and Eq. 
(4.60) can be re-arranged to yield 















where 0.85 ൑ ߮ ൑ 1 denotes the fraction of plastic work converted to heat. This 
relationship describes the temperature evolution in the material 
Assuming that the thermal transformation energy of crystallization ࣢ఏ can be 
neglected, Eq. (4.96) reduces: 
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 ܿߠሶ ൌ Div ሺ݇୲୦׏ߠሻ െ 3ܭߙ୲୦ൣtr൫۳ሶ ௘൯൧ߠ െ sஞ౹ξሶk஘ߠ
൅ ߮൫ ҧ߬ߛሶ െ ൫sஞ౹ሺξ െ ξTሻ ൅ Pഥ൯ξሶ െ ߬ҧత ሶߵ൯ ൅ ݎ 
(4.97)
. 
4.5 Experimental procedures and finite-element simulations 
To evaluate the model, three variants of a La-based materials, were produced: (a) in-
situ BMG composite alloy of La74Al14Cu6Ni6 with a 50% volume faction of 
crystalline lanthanum crystalline12 (Lee et al., 2004), (b) a monolithic La-based 
amorphous alloy with a composition of La61.4Al15.9Cu11.35Ni11.35 (Tan et al., 2003) and; 
(c) pure polycrystalline lanthanum (La100). The crystalline dendrite phase in the BMG 
composite is identified as lanthanum precipitated from the amorphous phase (Lee et 
al., 2004). 
All three material variants were fabricated by arc-melting in an argon atmosphere. To 
produce each type according to its weight composition, the desired mixture of La 
(99.9999%), Al (99.98%), Cu (99.9999%) and Ni (99.98%) was placed in a quartz 
crucible and melted in an induction furnace. They were then chill-cast by pouring the 
molten alloy into the cavity of a copper mold. A mold, with a cylindrical cavity of 
Ԅ5 ൈ 60mm was used to cast lanthanum and BMG composite samples, and one with 
a cavity of 4 ൈ 6 ൈ 45mm was used to produce monolithic BMG samples. Detailed 
procedures for producing these BMG and BMG composite alloys can be found in the 
work of Tan et al. (2003) and Lee et al (2004) and in Appendix A. 
                                                            
12 Based on image analysis using the commercial ImageJ Software the volume percentage of dendrite 
crystalline phase on as-cast samples (Figure 4.9) is between 47%-52%, the value of 50% is then taken 
as a overall value of crystalline phase.  
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The Ԅ5 ൈ 60 ݉݉ cast rods were machined to produce BMG composite and 
lanthanum specimens measuring of Ԅ4 ൈ 4 mm. Reducing the diameter from Ԅ5 ݉݉ 
to Ԅ4 ݉݉ removes the thin ~0.5 ݉݉ layer of fully amorphous alloy on the outer 
surface of the chill-cast BMG composite rods (Tan et al., 2002). This eventually 
yields a cross-section of homogenous material. The 4 ൈ 6 ൈ 45mm BMG plates were 
machined to cubic samples of 4 ൈ 4 ൈ 4mm.13 
The rod cross-sections of the monolithic amorphous La-based alloy and its composite 
were examined using X-ray diffraction (XRD), and XRD spectroscopy are shown in 
Figure 4.2. The XRD diffraction spectrum for the composite shows intense peaks 
corresponding to crystalline hcp lanthanum phases in the form of dendrites. There is 
no sharp peak in the spectrum for monolithic BMG alloy, and this is characteristic of 
an amorphous structure. 
                                                            
13 Initially, samples with length to width(diameter) aspect ratios of 2:1 (i.e. Ԅ4 ൈ 8 mm and 4 ൈ 4 ൈ
8mm) were used for compression test at high temperature. However, these samples, especially the 
BMG composite ones, exhibited significant buckling when the strain exceeded ~10%. Hence, samples 
with an aspect ratio of 1:1 were used, to preclude buckling during deformation. Compression tests 




Figure 4.2 - XRD pattern for La-based in-situ BMG composite and monolithic BMG alloy 
In order to minimize the influence of thermal history (experienced by specimens 
during production) on the mechanical properties, all machined specimens were 
annealed using an Instron 3119 series environmental chamber. They were heated from 
a room temperature of 24Ԩ at a rate of 20Ԩ/min to 165Ԩ (438.15°K), then kept at 
this temperature exactly for 8 min before experiments were performed. 
It is well-recognized that for BMGs, the stress over-shoot followed by strain softening 
phenomenon is a function of the annealing applied to the specimen; this controls the 
amount of initial free volume, which even can give rise to strain hardening (de Hey et 
al., 1998). It is assumed that 8 min of annealing allows the free volume in both the 
monolithic BMG and in-situ BMG composite to reach to an equilibrium state 
ξ௧ୀ଴ ൎ ξT, (Lu et al., 2003).  
Figure 4.3 and Table 4.1 shows results from Differential Scanning Calorimetry (DSC) 
tests on La-based BMG and BMG composite, which confirms that a working 





















Figure 4.3 - Differential Scanning Calorimetry (DSC) at heating rate of 20°K/min for 
La61.4Al15.9Cu11.35Ni11.35 BMG alloy, La74Al14Cu6Ni6 BMG composite and pure lanthanum La100  
 
Table 4.1 - Results of DSC analysis at heating rate of 20°K/min for La74Al14Cu6Ni6 and 
La74Al14Cu6Ni6.where Vf is the volume fraction of crystal phase in the alloy, θg glass transition 
temperature, θx crystallization temperature and θm melting temperature 
Alloys Vf θg (°K) θx (°K) θm (°K) 
La61.4Al15.9Cu11.35Ni11.35 0% 419 477 659 
La74Al14Cu6Ni6 50% 430 478 661 
 
It should be noted that glass transition temperature is not a unique physical quantity 
and it may change slightly with respect to heating rate (Lu et al., 2003).  
 
4.5.1 Compressive testing  
The specimen surfaces which come into contact with the testing machines were 
ground parallel and polished using super fine 1200 grit silicon carbide paper. A thin 
film of molybdenum disulphide was applied to the surfaces to ensure near-frictionless 

























quasi-static loading ሺ߳ሶ ൏ 10ିଵݏିଵሻ within the supercooled region. The experiments 
were conducted using an Instron 3119 series environmental chamber in conjunction 
with an Instron 8874 axial/torsional servo hydraulic machine. The temperature was 
held fixed at 165Ԩ during the compression tests. The Instron machine signal output 
was used to obtain the experimental compressive stress-strain curves. Strain data was 
calibrated by measuring the final length of samples after deformation and comparing 
this with machine readings. The temperature was held fixed at 165Ԩ during the 
compression tests.  
Note that because the samples were produced in-house, only small specimens could 
be fabricated and this limited the experiments undertaken to simple compression tests. 
Figure 4.4 shows experimental data in terms of compressive stress-strain responses 
for BMG composite at different strain rates - 0.001/s, 0.003/s, 0.006/s and 0.009/s14.  
                                                            




Figure 4.4 - Stress-strain response at different strain rates for in-situ BMG composite with 50% volume 
fraction of crystalline phase at 165°C. 
 
It can be seen that the in-situ BMG composite generally exhibits a short post-yield 
hardening phase followed by softening and secondary hardening at supercooled 
temperatures, and it is rate sensitive in the strain rate range of 0.001/s to 0.009/s.  
Figure 4.5 and Figure 4.6 show a comparison between the stress-strain response of 































Figure 4.5 - Stress-strain response of in-situ BMG composite and monolithic BMG at a strain rate of 
0.001/s at 165°C. 
 
 
Figure 4.6 - Stress-strain response of in-situ BMG composite and monolithic BMG at a strain rate of 












































It can be seen that for BMG composite alloys, the stress rises again after the initial 
stress overshoot, which contrasts with that of BMG alloy, whereby the stress reaches 
a steady state instead of exhibiting secondary hardening. It is known that in the stress 
plateau region, there is a balance between the creation and annihilation of free 
volume, and free volume concentration attains a steady value. It is observed that 
initial linear portions of the stress-strain curves for both alloys coincide and the BMG 
composite displays a smaller stress overshoot than monolithic BMG. 
It is also observed (Figure 4.7) that at strain rates greater than ~0.01/s, shear 
localization and sudden failure occur in BMG composite samples, and stress-strain 
responses exhibit only a short phase of initial post-yield softening with the stress 
reaching a maximum of ~495 MPa before failure occurs. Monolithic BMG samples 
undergo deformation localization and sudden failure for lower strain rates of ~0.003/s 
whereby the maximum stress reaches ~575 MPa, and a linear stress-strain response 




Figure 4.7 - Stress-strain response of in-situ BMG composite and monolithic BMG at 165°C and strain 
rates at which failure (inhomogeneous deformation) initiates - 0.006/s for BMG, and 0.01/ for BMG 
composite 
 
It can be concluded that in-situ BMG composite samples are able to accommodate 
larger strains at higher strain rates before failure compared to monolithic BMG 
samples, and that the crystalline phase the composite delays the formation of shear 
bands and sudden failure. 
A comparison of the compressive stress-strain responses of three types of samples, i.e. 
(a) BMG composite, (b) monolithic BMG and (c) pure crystalline lanthanum, at 























Figure 4.8 - Compressive stress-strain response of BMG composite, monolithic BMG and lanthanum at 
165°C and different strain rates. 
 
It can be seen that the initial linear portions of the stress-strain curves for BMG 
composite and BMG coincide, and they have a higher slope than the corresponding 
response for pure lanthanum; it is also observed that lanthanum has the lowest 
strength. These experimental curves indicate that the stress-strain responses of 
crystalline lanthanum and monolithic BMG cannot be combined to yield the behavior 
of the in-situ BMG composite. This is because the slopes of linear portion of the 
stress-strain curves for the BMG and BMG composite are identical, and also the 
strength of the BMG composite cannot be obtained by integrating the strengths of the 

























Hence, it can be concluded that the stress-strain response of the BMG composite in 
the supercooled region cannot be derived by combining the individual responses of 
monolithic BMG and crystalline lanthanum, - i.e. the amorphous phase and the 
crystalline phase of the composite.  
This contrasts with the stress-strain response of BMG composites at room 
temperature, whereby a homogenization approach can be used to predict the overall 
behavior of the BMG composite, by assuming that the amorphous and crystalline 
phases in the composite experience affine deformation. This can be explained by 
noting that in the supercooled region, a BMG composite is in a transitional state, and 
the material changes from solid to liquid as the stress changes. If the stress increases, 
the material behaves and flows like a liquid, and if the stress decreases it becomes 
solid. This behavior is unlike that at low temperatures, where the material is in a solid 
state and it is possible to assume that both phases in the composite experience affine 
deformation. In the supercooled region, the assumption of affine deformation may be 
applicable only to the initial stage of deformation, when the stress is very small. 
Figure 4.8 also shows that monolithic BMG has higher degree of rate-sensitivity than 
in-situ BMG composite, while pure lanthanum displays lowest rate sensitivity. 
 
4.5.2 Microstructural Features 
Figure 4.9 shows XRD spectra for as-cast and deformed in-situ BMG composite 




Figure 4.9 - XRD spectra for La-based BMG composite - as-cast and deformed 
 
The diffraction patterns show that peaks corresponding to crystalline hcp lanthanum 
are much more prominent in the deformed sample; this can be interpreted as an 
increase in the volume fraction of the lanthanum phase precipitated out from the 
composite during deformation. In addition, two intense peaks corresponding to 
LaNi2.28 and Cu13La are evident in the XRD pattern. The orthorhombic LaNi2.28 
intermetallic compound has been reported to have a formation temperature of 660°C-
730°C (Paulboncour et al., 1987), while the Cu13La intermetallic compound has a 
cubic NaZn13 structure (Bloch et al., 1981), and it has been proposed that this phase 
forms peritectically at 873°C (Okamoto, 1991; Senturk et al., 2012). In this study, the 
experimental test of 165°C is much lower than the temperatures required to form 
these intermetallic compounds; hence, it can be concluded that mechanical work 























It is known that nonocrystals can form in BMGs during deformation in the 
supercooled region (Jiang et al., 2003; Nieh et al., 2001; Wang et al., 1999) or even at 
sub-ambient temperatures (Jiang et al., 2003). Nanocrystals are much harder than the 
amorphous matrix phase and can enhance the mechanical properties of BMGs. When 
these isolated nanocrystals are formed, they do not initially carry any load and just 
move with the viscous flow of the matrix phase. Some crystals contact each other in 
the process and, agglomerate, forming nanocrystal aggregate bands with stronger 
interfaces; these not only interrupt the viscous flow of the amorphous matrix but also 
interact with each other. Since these bands are surrounded by the amorphous phase, 
they will be aligned in the flow direction of the amorphous phase. These bands can 
strengthen the material by growing and increasing in size and/or continuously 
contacting and interacting with neighboring bands (Bae et al., 2002). Similarly, Cu-
La, and Ni-La intermetallic compounds form during the deformation and are believed 
to be stronger phases that generate the secondary work hardening behavior observed 
in the stress-strain response of the La-based in-situ BMG composites.  
Figure 4.10 shows optical microscopy images of cross-sections of a polished as-cast 
La-based in-situ BMG composite sample. 
 
Figure 4.10 - Optical microscopy images of cross-section of a polished as-cast La-based in-situ BMG 





It is observed that the oriented lanthanum dendrites (darker phases) are distributed 
homogeneously and randomly within the amorphous matrix (brighter phases) in all 
directions across the cross-section of the specimen. Optical microscopy images of 
cross-sections of a deformed sample after compression are shown in Figure 4.11. 
 
 
Figure 4.11 - Optical microscopy images of polished La-based BMG composite after compression to 
80% strain 
 
It can be seen that in the deformed sample, the darker dendrites have been broken into 
smaller pieces, have lost their connectivity and are no longer homogeneously 
distributed. Furthermore, the work by Fu et al. (2007a) on compression of La-based 
BMG composites with 37%-52% of lanthanum crystalline phase near the glass 
transition temperature (0.9 ߠ௚ሻ, showed that there is no intermetallic formation 
indicated by their XRD results, also they reported no work hardening after the stress 
overshoot. Therefore, it can be concluded that although the dendritic lanthanum 
phases contribute to delaying sudden failure via the formation of shear bands, the 
lanthanum dendrites are unable to form a structural framework that bears the loads 
imposed on the material, and their contribution to the secondary work hardening is not 
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significant. It is believed that the intermetallic compounds formed during deformation 
should be the main contributors to the secondary strain hardening behavior.  
 
4.5.3 FEM Simulation 
The VUMAT user-subroutine facility in the commercial finite element program 
Abaqus/Explicit was employed to incorporate description of the mechanical response 
of the in-situ BMG composite; this is based on the constitutive model proposed in 
Chapter 4. Assuming homogeneous deformation, three-dimensional thermally 
coupled brick elements (Abaqus C3D8T) were used to simulate simple compression15. 
The initial unreformed finite-element mesh of BMG composite specimen is shown in 
Figure 4.12(a). Compression is applied along the height (y-direction) of the specimen. 
It is assumed that the nodes at the outer surfaces of the specimen are maintained at 
ambient temperature at all times, and the initial temperature of the specimen is set to 
as ambient temperature. A velocity profile is imposed on the top surface to simulate 
each desired strain rate. Figure 4.12(b) shows a comparison between the experimental 
data and simulation results in terms of the compressive stress-strain response of the 
in-situ BMG composite at 165ºC and different strain rates - 0.001/s, 0.003/s, 0.006/s 
and 0.009/s 
                                                            
15 The cross-section of BMG composite specimens during the compression test was observed to deform 







Figure 4.12 - (a) Initial undeformed mesh of the La-based in-situ BMG composite specimen, (b) 
Comparison of simulation and experimental compressive stress-strain responses at different strain rates 
of 0.001/s,0.003/s, 0.006/s and 0.009/s at 165°C for in-situ BMG composite 
 
The material parameters for the La-based in-situ BMG composite at high homologous 


























Table 4.2 - Material parameters for a La-based in-situ BMG composite in the supercooled region. 
ܩ ൌ 3.24 GPa m ൌ 0.09 ܿ ൌ 1.8 MJ mଷ°K⁄ ߛሶ଴ ൌ 1.2 ൈ 10ିଵ଺ ݏ⁄ܭ ൌ 10.33 GPa ݊ ൌ 0.01 ߙ୲୦ ൌ 8.5 ൈ 10ି଺ °K⁄ ξ୥ ൌ 5.58 ൈ 10ିଷ
݄଴ ൌ 50 ߞ ൌ 0.0009 k஘ ൌ 1.54 ൈ 10ିହ °K⁄ ܳ ൌ 2.66 ൈ 10ିଵଽJݏ଴ ൌ 150 MPa ߤ ൌ 0.12 ߜ ൌ 1.172 ൈ 10ି଼ mଷ J⁄ sஞ౹ ൌ 384 GJ mଷ⁄ݏ௞ ൌ 230 Mpa ߛ௙ ൌ 1.5 θ୥ ൌ 430 °K sஞ౹I ൌ 3200 GJ mଷ⁄࣢త ൌ 33.33 MPa ߛ௖ ൌ 0.3 ߚௗ ൌ 0.37 ω ൌ 1 ൈ 10ି଻ 
 
 
The material parameters that have been determined are ሼܩ, ܭ, ܿ, ߛሶ଴, ܳ ,m, ݏ଴, ݏ௞, ݄଴, ߞ, 
 ξ୥, ߤ, sஞ౹, sஞ౹I, ߚௗ, ߜ, θ୥, k஘., ݊, ߛ௖, ߛ௙, ߙ୲୦, ࣢త, ω ሽ. One parameter that can be 
extracted from the linear stress-strain response of the BMG composite alloy under 
compression is the Young's modulus, which was found to be 8.80 GPa at 165°C. The 
approximate value for the Poisson's ratio of La-based metallic glass is taken as 0.358 
(Chen et al., 2008; Jiang et al., 2007); hence the value for the shear modulus ܩ is 
3.24 GPa, and the bulk modulus ܭ is 10.33 GPa. The value of glass transition 
temperature θ୥ ൌ 430 °K is presented in Table 4.1; ξ୥ ൌ 5.58 ൈ 10ିଷ and kθ ൌ
1.54 ൈ 10ିହ °K⁄   for La-based BMG amorphous alloy were taken from the work of 
Ekambaram et al. (2010) and applied in the relationship ξT ൌ ξ୥ ൅ k஘൫θ െ θ୥൯. The 
pressure sensitivity parameter is taken to be ߤ ൌ 0.12, which is the value determined 
for a Vitreloy 1 metallic glass (Lu, 2002). The work of Heggen et al. (2004) asserts 
that the value of free volume creation ߞ increases with stress. However, for the sake of 
simplicity in this study, ߞ is taken to be constant at 0.0009, which is close to the value 
Thamburaja and Ekambaram (2007) used in their simulations used for Vitreloy 1. A 
typical value of the activation energy is ܳ ~10-19J, and it is assumed that the activation 
energy of the in-situ BMG composite to be the same as that for Pd-Ni-P BMG alloy; 
i.e. ܳ ൌ 2.66 ൈ 10ିଵଽJ. The specific heat ܿ of the BMG composite can be estimated 
by ܿ ൎ ∑ ߥሺ௜ሻ௜ ܿሺ௜ሻ where ߥሺ௜ሻ and ܿሺ௜ሻ are respectively, the volume fractions and 
 126 
 
specific heats of the constituent phases of the composite alloy. The specific heat of  
monolithic La-based BMG alloys is taken to be ܿ஻ெீ ൌ 2.4M J mଷ°K⁄  (Ekambaram et 
al., 2010; Jiang et al., 2007) and the specific heat of lanthanum is ܿ௅௔ ൌ 1.2M J mଷ°K⁄  
(Grigoriev et al., 1997). Consequently, the specific heat of an in-situ BMG composite 
with ߥ஻ெீ ൌ ߥ௅௔ ൌ 0.5 is calculated to be ܿ ൌ 1.8M J mଷ°K⁄ . A similar approach is 
used to estimate the coefficient of thermal expansion ߙ୲୦of in-situ BMG composite 
from its two constituent phases ቀߙ୲୦ ൎ ∑ ߥሺ௜ሻ௜ ߙ୲୦ሺ೔ሻቁ. The thermal expansion 
coefficient ߙ୲୦BMGis taken to be 12 ൈ 10ି଺ °K⁄  (Chen et al., 2008) and that of pure 
lanthanum ߙ୲୦Lୟ is 5 ൈ 10ି଺ °K⁄  (Grigoriev et al., 1997). This yields a thermal 
expansion coefficient value ߙ୲୦ for in-situ BMG composite of 8.5 ൈ 10ି଺ °K⁄ . Other 
undetermined material parameters in the constitutive model for the BMG composite 
are ሼm, ߛሶ଴, sஞ౹, sஞ౹I, ݏ଴, ݏ௞, ݄଴, ߚௗ, ߜ, ݊, ߛ௖, ߛ௙ , ࣢త, ω ሽ. 
These material parameters were obtained by fitting the stress-strain curves from 
simulations with experimental data. This yielded a value of 1.2 ൈ 10ଵ଺ sିଵ for the 
reference flow-rate ߛሶ଴. The rate sensitivity parameter m for the supercooled region 
was found to be 0.09. To determine the values of sஞ౹ and sஞ౹I, an approach similar to 
that by Thamburaja and Ekambaram (2007) was used. It is assumed that hydrostatic 
pressure has a negligible effect on free volume generation compared to the creation of 
free volume and relaxation (see Eq. (4.88)). Furthermore, crystallization is 
temporarily retarded by assigning the energetic interaction coefficient the value of 
࣢త ൌ 0; this precludes secondary work hardening in the stress-strain response BMG 
composite (see Eq. (4.78) and Eq. (4.80)). It is also assumed that the free volume 
concentration in BMG composites is able to attain a steady state, whereby the creation 
of free volume is equal to its annihilation; this phenomenon has been recognized in 
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BMG alloys and it corresponds to the state deformation of monolithic BMGs whereby 
the stress reaches a plateau (e.g. Figure 4.5 and Figure 4.6). These assumptions and 
steady state condition for free volume evolution reduces Eq. (4.88) to 
 ζߛሶ ൌ ቆܩߛሶsஞ౹ҧ߬sஞ౹౹
ቇ ሺξ െ ξTሻ (4.98) 
Since experimental measurement of free volume evolution during the deformation 
was not feasible, it is assumed that the variation of free volume is of the same order of 
magnitude as the free volume in Pd-Ni-P BMGs, measured in the work of de Hey et 
al. (1998); the ratio of sஞ౹ sஞ౹౹⁄  is determined from Eq. (4.98). Consequently, the term 
responsible for generation of free volume due to hydrostatic pressure (i.e. 
െ൫ܩߛሶ ߬ҧsஞ౹౹⁄ ൯Pഥ in Eq. (4.88)) is re-activated and the minimum value of sஞ౹౹ determined 
such that the steady-state free volume in simple tension and simple compression at a 
given applied strain rate are approximately equal (i.e. [ξୱୱ,୲ୣ୬ୱ. െ ξୱୱ,ୡ୭୫୮.ሿ ൏ 1 ൈ
10ିହ (Ekambaram et al., 2008)). With sஞ౹౹determiend and sஞ౹ sஞ౹౹⁄ known, sஞ౹ can then 
be determined. The value of sஞ౹ was found to be 384 GJ/mଷ; and sஞ౹౹ ൌ 3200 GJ ݉ଷ⁄ . 
The critical strain ߛ௖ is assumed to be 0.3, which is around the strain value at which 
secondary hardening in the stress-strain response of in-situ BMG initiates; and the 
final strain ߛ௙is assumed to be 1.5 which implies that at this strain, all possible 
potential crystal sites have been formed in the material. The value of ݄଴, which 
governs the slope of the initial post-yield hardening in the stress-strain curves, is taken 
to be 50 which is obtained by fitting the stress-strain curve with experimental data. ߚௗ 
controls the ratio of the peak stress attained to the steady-state plateau stress, and is 
found to be 0.37 from the experimental stress-strain curves. The value of ω is taken to 
be 1 ൈ 10ି଻; this is to ensure that if the viscous stress approaches a zero value in the 
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early stages of deformation, error resulting from division by a near-zero value will not 
occur (see. Eq. (4.83)). By re-activating the crystallization by setting the energetic 
interaction coefficient ࣢త to 33.33 MPa, the secondary hardening response fits the 
experimental stress-strain data. ݏ଴, ݏ௞, ߜ, ݊, were also derived from fitting the 
simulated stress-strain curve with experimental results. The values of the material 
parameters obtained for the La-based in-situ BMG composite at high homologous 
temperatures are listed in Table 4.2 
Figure 4.12 shows that the simulated stress-strain curves correlate well with the 
experimental responses. The experimental responses for strain rates of 0.001/s and 
0.003/s were used to obtain the material parameters and based on these, FEM 
simulation was employed to predict the stress-strain curves for strain rates of 0.006/s 
and 0.009/s. A comparison of the simulation results with experimental data shows that 
beyond a certain strain (~0.55) the rate of secondary work hardening observed 
experimentally, is smaller than that predicted by the model. This could be accounted 
for integration and growth of micro-cracks, which reduce the strength of the material; 
it is also possible that the resistance to plastic flow also approaches a saturation value 
at large plastic strains. Figure 4.13 shows micro-cracks found in severly deformed in-





Figure 4.13 - Optical micrographs of typical cracks observed in severly compressed in-situ BMG 
composite samples 
 
It is noted that the cracks have been propagated through the both amorphous matrix 
and the dendritic phases in the composite. Further investigations would need to be 
undertaken to identify appropriate fracture criteria in BMG composites. 
In the finite element simulation, the nodal temperature contours for the specimen at 
0.6 strain at 438°K and different strain rates - 0.001/s, 0.003/s, 0.006/s and 0.009/s, 
are shown in Figure 4.14. It can be seen that for compression at 0.001/s and 0.003/s, 





Figure 4.14 - Nodal temperatures contour at 60% compressive true strain for a temperature of 438°K 
and at strain rates of (a) 0.001/s, (b) 0.003/s, (c) 0.006/s and (d) 0.009/s. 96 elements have been omitted 
to facilitate visualization of the temperature within the specimen core. 
 
Figure 4.15 shows the corresponding variation of the normalized free volume 
concentration ؠ ሺξ ξ୥⁄ ሻ, with strain for the simulation results in Figure 4.12. Free 
volume creation is responsible for the strain-softening observed in the BMG and 
BMG composite. This trend of free volume evolution is similar to experimental 




Figure 4.15 - Predicted variation of normalized free volume with strain at temperature of 438°K for 
various strain rates 
 
The variation of the crystallization fraction ߵ with rain for a temperature of 438°K is 
shown in Figure 4.16. 
 



























































The evolution of crystallization is responsible for the secondary work hardening 
observed in the stress-strain response of the La-based in-situ BMG composite. Further 
investigations would need to be undertaken to obtain experimental data for the 
evolution of free volume and crystallization in such composites. 
 
 
4.6 Conclusions and future work 
A three-dimensional constitutive equation for in-situ BMG composites, based on 
finite-deformation macroscopic theory and experimental data, for application to 
response at high homologous temperature and different strain rates has been 
established. The constitutive model has been implemented in Abaqus/Explicit finite 
element software by writting a user-material subroutine VUMAT. To the best of 
knowledge, this is the first time a transient thermo-mechanical constitutive equations 
has been performed to model the behavior of BMG composite in the supercooled 
region. A monolithic La-based BMG alloy with a composition of 
La61.4Al15.9Cu11.35Ni11.35, a recently-developed in-situ BMG composite alloy 
comprising La74Al14Cu6Ni6 with a 50% crystalline volume fraction, and pure 
polycrystalline lanthanum (La100) were studied experimentally, in terms of their 
deformation characteristics. Samples were cast in-house and compression tests 
performed for a range of strain rates at high homologous temperature of 165 ºC 
performed. The constitutive model established is able to describe stress-strain 
responses and there is good correlation with experimental data. 
The experimental stress-strain response of a La-based in-situ BMG composite within 
the supercooled region reveals post-yield hardening-softening followed by secondary 
strain-hardening. This contrasts with monolithic La-based BMG samples, whereby the 
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stress drops to a plateau after an initial stress overshoot. XRD results for BMG 
composites reveal the formation of intermetallic compounds, and increase in the 
volume fraction of crystalline lanthanum phase precipitating out from the composition 
during deformation. It is believed that the formation of the intermetallic compounds is 
associated with the storage of energy in the material and affects the stress-strain 
response through the generation of secondary strain-hardening.  
Experimental data also indicates that the stress-strain response of the BMG composite 
in the supercooled region is not a homogenized behavior of monolithic BMG and 
crystalline lanthanum, - i.e. the amorphous phase and the crystalline phase of the 
composite; however, a homogenization approach can be used to predict the overall 
stress-strain behavior of the BMG composite at room temperatures. 
 
Future efforts worth investigating 
 The behavior of metallic BMG composites for a wide range of tempratures, to 
establish the transition from low-temperatere response, which can be modeled 
by a homogenization approach, to high-tempreture behavior, whereby the 
material exhibits flow-like behavior and homogenization is not valid. 
 The incorporation of damage and failure criteria to predict fracture and crack 
growth in BMG composites. 
 Extension of the study to investigate the response of BMG composites at high 
rates of deformation. At higher strain rates, adiabatic heating generally occurs 
and the temperature exceeds the glass transition or even melting temperature. 
The present work has shown that temperature has significant effects on 
material behavior and cannot be neglected. Therefore, an appropriate 
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constitutive model for high strain rates could possibly be a 
transitional/combination of the constitutive models for room and high 
temperatures presented in this study. 
 The behavior of BMG composite in the supercooled region can be further 
investigated by applying more complex modes of loading (e.g. torsion, three 
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Appendix A - Preparation of La-based samples 
La-based BMG alloys and its composites have relatively low glass transition 
temperatures (around 400° K to 450° K) and a wider supercooled region (~50°K) 
compared to many BMGs, as well as a relatively large glass forming ability (GFA10 
mm) (Tan et al., 2003). The compositions of the La-based in-situ BMG composite and 
monolithic BMG alloys in this study were influence by the work of Li Yi and his co-
workers at NUS (Lee et al., 2004; Tan et al., 2003). 
In this research effort, four types of samples were produced: (a) In-situ BMG 
composite alloy comprising La74Al14Cu6Ni6 with a 50% crystalline volume fraction; 
(b) monolithic La-based amorphous alloy with a La62Al14Cu12Ni12 composition; (c) 
pure polycrystalline lanthanum (La100); (d) monolithic La-based amorphous alloy with 
a La61.4Al15.4Cu11.35Ni11.35 composition. The crystalline dendrite phase in the BMG 
composite is lanthanum precipitated from the amorphous phase. 
All the materials were chill-cast by pouring the molten alloy into the cavity of copper 
molds. A mold with dimensions of Ԅ5 ൈ 60mm was used to cast the La74Al14Cu6Ni6 
BMG composite, monolithic La62Al14Cu12Ni12 BMG and lanthanum (La100). The 
monolithic La61.4Al15.4Cu11.35Ni11.35 has a slightly larger GFA than La62Al14Cu12Ni12 
(Tan et al., 2003), and a mold with larger dimensions of 4 ൈ 6 ൈ 45mm was used to 
produce monolithic La61.4Al15.4Cu11.35Ni11.35 BMG samples (see Figures A.3 and A.4); 
this is consistent with the work of Ekambaram et al. (2010) who produced BMG 




A.1 Raw materials 
The raw materials required for the selected alloys – lanthanum, nickel, aluminum and 
copper – and quartz crucibles used for the castings were procured from various 
suppliers. Table A.1 shows information on the suppliers and the purity of the material. 
Table A.1- Details of raw materials 
Metal and Supplier Purity Physical form Quantity 
Lanthanum 
Sinopharm Chemical 




















99.98% wire 50 m 
Quartz crucibles 
Chemical Testing & 
Calibration Laboratory 
N/A 
Diameter 55mm-60mm, Length 
75mm-85mm, Thickness: 
2.5mm, Indent:3-4 weeks, The 
crucible have a pouring mouth 
50 pcs 
 
A.2 Alloy preparation 
To produce each type of alloy according to its desired weight composition, the 
appropriate mixture of La, Al, Cu and Ni was placed into a quartz crucible and melted 
in an induction furnace. Tables A.2, A.3, A.4 and A.5 show the weight ratio of the 
elements, calculated based on their respective atomic masses. 
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Table A.2 - Calculation of weight% from atomic% of individual elements to fabricate the in-situ BMG 
composite La74Al14Cu6Ni6 (this alloy was cast using a φ5×60 mm). 
Element Atomic% in 
alloy 
Atomic mass Mass in alloy Weight % 
Lanthanum 74 138.90547 10278.9996 90.2444 
Aluminium 14 26.9815 377.7413 3.3164 
Copper 6 63.5460 381.2760 3.3471 
Nickel 6 58.6934 352.1602 3.0918 
 
 
Table A.3 - Calculation of weight% from atomic% of individual elements to fabricate the monolithic 
BMG La62Al14Cu12Ni12 (this alloy was cast using a φ5×60 mm). 
Element Atomic% in alloy Atomic mass Mass in alloy Weight % 
Lanthanum 62 138.90547 8612.13914 82.3596 
Aluminium 14 26.9815 377.7410 3.6124 
Copper 12 63.5460 762.5520 7.2924 
Nickel 12 58.6934 704.3208 6.7355 
 
Table A.4 - Calculation of weight% from atomic% of individual elements to fabricate pure lanthanum 
La100, (this alloy was cast using a φ5×60 mm). 
Element Atomic% in alloy Atomic mass Mass in alloy Weight % 
Lanthanum 100 138.90547 13890.547 100 
 
The total weight of the component elements per casting taking into consideration the 
cavity size of the φ5×60 mm mold, possible wastage due to spillage, and residual 
material in the crucible, was about 90 grams. 
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Table A.5 - Calculation of weight% from atomic% of individual elements to fabricate the monolithic 
BMG La61.4Al15.4Cu11.35Ni11.35 (this alloy was cast using a 4×6×45mm). 
Element Atomic% in 
alloy 
Atomic mass Mass in alloy Weight % 
Lanthanum 61.4 138.90547 8528.7958 82.5495 
Aluminium 15.4 26.9815 415.5151 4.0217 
Copper 11.35 63.5460 721.2471 6.9808 
Nickel 11.35 58.6934 666.1700 6.4478 
 
 
The total weight of the component elements per casting for monolithic BMG 
La61.4Al15.4Cu11.35Ni11.35 taking into consideration the cavity size of the 4×6×45mm 
mold, possible wastage due to spillage, and residual material in the crucible was about 
105 grams. 
The alloys were melted in a quartz crucible placed inside an induction furnace within 
a vacuum chamber. Figure A.1, A.2 show a quartz crucible, and the induction furnace. 
 





Figure A.2 - (a) Induction furnace with major components indicated, used to cast all alloy specimens. 
(b) Alloy is melted inside the quartz crucible in an argon environment; water is circulated inside the 
induction copper coil to prevent it from melting.  
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The chamber is initially evacuated using a vaccum pump, then filled with high purity 
argon gas, which prevents oxidation of the alloys. The quartz crucible can be 
manually tilted by an external handle to pour the molten alloy into the cavity of the 
copper molds to produce samples. Figure A.3 and Figure A.4 show the copper molds 
used for the casting of samples. 
 
Figure A.3 - (a) View of two halves of copper mold with cavity dimension of φ5×60 mm; this was used 
to cast La74Al14Cu6Ni6 BMG composites, monolithic La62Al14Cu12Ni12 BMG and pure lanthanum La100 




Figure A.4 - (a) View of two halves of copper mold with cavity dimension of 4×6×45 mm, this was 
used to cast La61.4Al15.4Cu11.35Ni11.35 monolithic BMG samples, (b) photograph of an as-cast monolithic 




Cast rods measuring Ԅ5 ൈ 60 mm  were machined to produce samples with nominal 
dimensions of Ԅ4 ൈ 8 mm and Ԅ4 ൈ 4 mm. The cast BMG 4 ൈ 6 ൈ 45mm plates 
were machined into cubic/cuboid samples measuring 4 ൈ 4 ൈ 4mm and 4 ൈ 4 ൈ
8mm. The BMG and BMG composite rods fabricated have a high strength and 
hardness, and machining specimens from them using conventional steel cutting 
processes is almost impossible. A diamond cutter needed to be used to cut machine 
and thread the specimens. The machining and cutting of lanthanum samples, which 
are softer than its two alloys, involve some potential hazards and extra care is 
required. If lanthanum comes into contact with water, it emits a flammable gas and 
non-water based coolants must be used during the machining process; if it is heated, it 
can catch fire. Lanthanum samples need to be stored in oil or a vacuum to prevent 
oxidation. Figure A.5 shows the geometries of machined samples used in compression 
tests. Experiments indicate that generally, samples with a length to width (diameter) 
ratio of 2:1 were suitable for tests at room temperatures, but they tend to buckle at 
high temperature. Samples with an aspect ratio of 1:1 were found to be suitable for 




Figure A.5 - Sample geometries for compression tests. 
 
Experimental set up and procedure 
The specimen surfaces which came into contact with the testing machines were 
ground and polished using super fine 1200 grit silicon carbide paper, and made 
parallel to each other. All static compression tests were performed using an Instron 
8874 axial/torsional servo hydraulic machine, and a thin film of molybdenum 
disulphide was applied to the surfaces in contact with the machine to ensure near-
frictionless conditions. Figure A.6 illustrates the experimental set up used for 





Figure A.6 - (a) Instron 8874 axial/torsional servo hydraulic machine used for compression tests. (b) 




For tests at room temperature, in order to minimize the influence of thermal history 
experienced by specimens during production on their mechanical properties, all 
specimens were annealed in an Instron 3119 series environmental chamber after 
machining. They were heated from a room temperature of 24°C at a rate of 5°C/min 
to 165°C, then kept at 165°C for 6 mins, and finally cooled over 20 minutes back to 
room temperature. An Instron extensometer (model 2620-604) was used to measure 
axial compression. In addition, strain gauges (Tokyo Sokki Kenkyujo; type FLG-02-
11; operating range 3%) connected to signal conditioners and a Yokogawa MX100 
Data Acquisition Unit were used to measure the strains corresponding to the initial 
linear response, from which the Young's modulus was derived. Data readings from 
the strain gauges and extensometer showed good agreement with each other.  
Strain gauges could not been used for high temperature tests at 165°C, because their 
working temperature range is up to 80°C. In addition, the extensometer showed strain 
readings that were out of its calibration range, although this type of extensometer is 
supposed to have a working temperature range of up to 200°C. Therefore, the Instron 
machine displacement data was used to derive the compressive stress-strain response 
at high temperatures. The strain data was calibrated by comparing the final length of 
samples after deformation and the machine readings. To minimize the influence of 
thermal history on the mechanical properties, all machined specimens were annealed 
using an Instron 3119 series environmental chamber. They were heated from a room 
temperature of 24°C at a rate of 20°C/min to 165°C (438.15°K), then kept at this 
temperature for 8 mins before tests were performed. The temperature was held at 
165°C during the compression tests. For each strain rate, tests were conducted on at 
least three samples, and each stress-strain curve presented in this work is 
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representative of a set of three stress-strain curves that do not deviate from one 





Appendix B – Time integration procedure and a general 
overview of VUMAT coding 
The constitutive models developed for in-situ BMG composites for room and high 
temperatures were implemented in the finite element program Abaqus/Explicit by 
writing user-material subroutines (VUMAT). The procedure for explicit time 
integration for a finite-deformation constitutive description of bulk metallic glass 
composites at room temperatures (developed in Chapter 3) is presented here. 
Following that, a general overview of the VUMAT code is given. 
 
 B.1 Time integration procedure: 
The explicit time integration scheme to implement the constitutive models for in-situ 
BMG composites at room temperatures (developed in Chapter 3) in VUMAT for 
Abaqus/Explicit is presented here. 
In the following, ݐ denotes the current time, ∆ݐ a time increment, and ߬ ൌ ݐ ൅ ∆ݐ  
Given: (1) ൛۴ሺݐሻሺ௜ሻ, ۴ሺ߬ሻሺ௜ሻൟ; (2) ሼ۴ሺݐሻሺ௜ሻ௣ , ۼሺݐሻሺ௜ሻ, Sሺݐሻሺ௜ሻ, ξሺtሻሽ ;(3) ሼ∆ߛሺݐሻሺ௜ሻ, ∆ξሺtሻሺ௜ሻሽ;  
Step 1: Calculate the plastic deformation gradient, ۴ሺ߬ሻሺଵሻ௣  and ۴ሺ߬ሻሺଶሻ௣  
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 ۴ሶሺଵሻ௣ ൌ  ۲ሺଵሻ௣  ۴ሺଵሻ௣ ൌ ሺඥ1 2⁄ ߛሶሺଵሻۼሺଵሻሻ ۴ሺଵሻ௣
Δ۴௣ሺݐሻሺଵሻ ൌ ቀඥ1 2⁄ Δγሺtሻሺଵሻۼሺtሻሺଵሻቁ ۴௣ሺtሻሺଵሻ 
۴௣ሺ߬ሻሺଵሻ ൌ  Δ۴௣ሺݐሻሺଵሻ ൅ ۴௣ሺtሻሺଵሻ 
֜ ۴ሺ߬ሻሺଵሻ௣ ൌ ሼ૚ ൅ ඥ1 2⁄ ∆ߛሺݐሻሺଵሻۼሺݐሻሺଵሻሽ۴ሺݐሻሺଵሻ௣  
and 
 ۴ሶሺଶሻ௣ ൌ  ۲ሺଶሻ௣  ۴ሺଶሻ௣ ൌ ሺඥ1 2⁄ ߛሶሺଶሻۼሺଶሻ ൅ ξሶሺ1 3⁄ ሻ૚ሻ ۴ሺଶሻ௣  
Δ۴௣ሺݐሻሺଶሻ ൌ ቀඥ1 2⁄ Δγሺtሻሺଶሻۼሺtሻሺଶሻ ൅ Δξሺtሻሺଶሻሺ1 3⁄ ሻ૚ቁ ۴௣ሺtሻሺଶሻ 
۴௣ሺ߬ሻሺଶሻൌ Δ۴௣ሺݐሻሺଶሻ ൅ ۴௣ሺtሻሺଶሻ 
֜ ۴௣ሺ߬ሻሺଶሻ ൌ ቄ૚ ൅ ቀඥ1 2⁄ Δγሺtሻሺଶሻۼሺtሻሺଶሻ ൅ Δξሺtሻሺଶሻሺ1 3⁄ ሻ૚ቁቅ ۴௣ሺtሻሺଶሻ 
Step 2: Calculate the elastic deformation gradient, ۴ሺ߬ሻሺ௜ሻ௘  
 ۴ሺ߬ሻሺ௜ሻ௘ ൌ ۴ሺ߬ሻ۴ሺ߬ሻሺ௜ሻ௣ ିଵ
Step 3: Calculate the elastic strain, ۳ሺ߬ሻሺ௜ሻ௘ : 
 ۱ሺ߬ሻሺ௜ሻ௘ ൌ ۴ሺ߬ሻሺ௜ሻ௘ T۴ሺ߬ሻሺ௜ሻ௘  
۳ሺ߬ሻሺ௜ሻ௘ ൌ ሺ1 2⁄ ሻሺ۱ሺ߬ሻሺ௜ሻ௘ െ ૚ሻ
Step 4: Calculate the driving force, ܂ሺ߬ሻሺ௜ሻ௣  
 ܂ሺ߬ሻሺ௜ሻ௣ ൌ ۱ሺ߬ሻሺ௜ሻ௘ ൛2ܩሺ௜ሻdev൫۳ሺ߬ሻሺ௜ሻ௘ ൯ ൅ ܭሺ௜ሻtr൫۳ሺ߬ሻሺ௜ሻ௘ ൯૚ൟ 
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Step 5: Calculate the Cauchy stress in each phase, ܂ሺ߬ሻሺ௜ሻ 
 ܂ሺ߬ሻሺ௜ሻ ൌ ܬሺ߬ሻሺ௜ሻିଵ ቀ۴ሺ߬ሻሺ௜ሻ௘ ିT ቄ܂ሺ߬ሻሺ௜ሻ௣ ቅ ۴ሺ߬ሻሺ௜ሻ௘ Tቁ 
Step 6: Calculate the Cauchy stress, ܂ሺ߬ሻ 
 ܂ ൌ ෍ ߥሺ௜ሻ
௜
܂ሺ௜ሻ 









Step 8: Calculate the driving force, ߬ҧሺ߬ሻሺ௜ሻ 
 ҧ߬ሺ߬ሻሺଵሻ ൌ ඥ1 2⁄ หሺsym଴ሺ܂ሺ߬ሻሺଵሻ௣ ሻห 
ҧ߬ሺ߬ሻሺଶሻ ൌ ඥ1/2 ሺsym଴ሺ܂ሺ߬ሻሺଶሻ௣ ሻ. ۼሺ߬ሻሺଶሻሻ 










, ݏ଴ሺభሻ ൑ ݏሺଵሻ ൑ ݏ௖כሺଵሻ
0, ݏሺଵሻ ൒ ݏ௖כሺଵሻ
ݏሺ߬ሻሺଵሻ ൌ ݏሺݐሻሺଵሻ ൅ ݄ሺݐሻሺଵሻ∆ߛሺݐሻሺଵሻ 
ݏሺݐሻ௖כ ሺଶሻ ൌ ݏ௞ሺଶሻ ൭1 െ ߚௗ   exp ൬െ
߮
ξሺݐሻ൰൱ 
݄ሺݐሻሺଶሻ ൌ ݄଴ሺమሻ ቀݏሺݐሻ௖כ ሺଶሻ െ ݏሺݐሻሺଶሻቁ 
ݏሺ߬ሻሺଶሻ ൌ ݏሺݐሻሺଶሻ ൅ ݄ሺݐሻሺଶሻ∆ߛሺݐሻሺଶሻ
Step 10: Check if ݏሺ߬ሻሺଶሻ ൅ µPഥሺ߬ሻሺଶሻ ൐ 0 
Step 11: Calculate the plastic strain increment, ∆ߛሺ߬ሻሺଵሻ and ∆ߛሺ߬ሻሺଶሻ 










Step 12: Calculate the free volume concentration, ξሺ߬ሻ, ∆ξሺ߬ሻ, 
 ξሺ߬ሻ ൌ ξሺݐሻ ൅ ∆ξሺtሻ 
∆ξሺ߬ሻ ൌ ζ∆ߛሺ߬ሻሺଶሻ െ ቆ
ߛሶ଴ሺଶሻ
sஞ౹౹
ቇ Pഥሺ߬ሻሺଶሻ െ ቆ
ߛሶ଴ሺଶሻsஞ౹
sஞ౹౹
ቇ ሺξሺ߬ሻ െ ξTሻ 
Step 13: Check whether π஁ሺଶሻሺ߬ሻߛሶሺଶሻሺ߬ሻ ൒ 0. 
Step 14: Calculate the inelastic work dissipation in the deformed configuration 
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 ∆߱௣ ൌ ܬିଵ ቂߥሺଵሻ∆ߛሺ߬ሻሺଵሻ߬ҧሺ߬ሻሺଵሻ
൅ ߥሺଶሻ ൬∆ߛሺ߬ሻሺଶሻ߬ҧሺ߬ሻሺଶሻ ൅ ቀെPഥሺ߬ሻሺଶሻ െ sஞ౹ሺξሺ߬ሻ െ ξTሻቁ ∆ξሺ߬ሻ൰ቃ 
 
B.2 A general overview of the VUMAT code 
Although the Abaqus material library is extensive, the existing models may not be 
sufficiently flexible or appropriate for describing actual material behaviors observed. 
Abaqus has interfaces facilities that allow users to define and implement constitutive 
models. VUMAT is a user-material subroutine for the definition of user-specified 
constitutive models. Basically, a user defines the stress tensor at the end of each 
increment via variables output by Abaqus, such as the strain tensor, deformation 
gradient, etc. Here, An overview of the VUMAT code used to incorporate the 
constitutive equations in the present work is given, and items that one should take 
particular not of have been highlighted (The full subroutine is around 30 pages long). 
           
           subroutine vumat ( 
C Read only (unmodifiable)variables - 
     1  nblock, ndir, nshr, nstatev, nfieldv, nprops, lanneal, 
     2  stepTime, totalTime, dt, cmname, coordMp, charLength, 
     3  props, density, strainInc, relSpinInc, 
     4  tempOld, stretchOld, defgradOld, fieldOld, 
     5  stressOld, stateOld, enerInternOld, enerInelasOld, 
     6  tempNew, stretchNew, defgradNew, fieldNew, 
C Write only (modifiable) variables - 
     7  stressNew, stateNew, enerInternNew, enerInelasNew) 
 
      include 'vaba_param.inc' 
C       
       dimension props(nprops),density(nblock), coordMp(nblock,*), 
     1  charLength(nblock), strainInc(nblock,ndir+nshr), 
     2  relSpinInc(nblock,nshr), tempOld(nblock), 














     4  defgradOld(nblock,ndir+nshr+nshr), 
     5  fieldOld(nblock,nfieldv), stressOld(nblock,ndir+nshr), 
     6  stateOld(nblock,nstatev), enerInternOld(nblock), 
     7  enerInelasOld(nblock), tempNew(nblock), 
     8  stretchNew(nblock,ndir+nshr), 
     8  defgradNew(nblock,ndir+nshr+nshr), 
     9  fieldNew(nblock,nfieldv), 
     1  stressNew(nblock,ndir+nshr), stateNew(nblock,nstatev), 
     2  enerInternNew(nblock), enerInelasNew(nblock) 
      
      real*8 stepTime, totalTime, dt 
      INTEGER::I,M1,M2,N1,J,counter 
     1 nblock, ndir, nshr, nstatev, nfieldv, nprops, lanneal  
      real*8 stressNew_cr(nblock,ndir+nshr), 
     1 stressNew_am(nblock,ndir+nshr),plastic_work_inc_tot, 
      real*8 FT_am(3,3),FTAU_am(3,3),FPT_am(3,3),FPTAU_am(3,3), 
     1 FETAUT_am(3,3),FET_am(3,3),FETAU_am(3,3), 
     2 ETAUE_am(3,3),CTAUE_am(3,3),AIDENTITY_am(3,3), 
************************************  
*    Some lines are ommited from this code* 
************************************  
character*80 cmname 
 parameter( zero = 0.d0, one = 1.d0, two = 2.d0, three = 3.d0, 
     1  third = one/three, half = .5d0, twoThirds = two/three, 
     2  threeHalfs = 1.5d0) 
*********************************************************************  
C     The state variables are stored as: 
C     STATE(*,1) = S (DEFORAMTION RESISTANCE IN TIME STAU OR ST ) 
C     STATE(*,2) = DELTA GAMMA (SHEAR INCREMENT DELTAGAMMTAU 
************************************  
*    Some lines are ommited from this code* 
************************************  
      Young_am     = props(1) 
      Poisson_am     = props(2) 
      sy_am    = props(3) 
      h0_am = props(4)  
      RT_SEN_POW_am    = props(5) 
      AKTAUBAR_am = props(6)  
      XITHERMAL_am = props(7) 
************************************  
*    Some lines are ommited from this code* 
************************************ 
      G_SHEAR_am= Young_am/(2.0d0*(1.0d0+Poisson_am)) 
      bulk_K_am=Young_am/(3.0d0*(1.0d0-2.0d0*Poisson_am)) 
 
 
      Do 5 I=1,nblock 
************************************  

















          if_2: if (ndir+2*nshr .LT.6)then 
************************************  
*    Some lines are ommited from this code* 
************************************ 
end if  
        if_STEP: IF ( (TOTALTIME .EQ. ZERO .OR. TOTALTIME-DT .EQ. ZERO) 
                    CALL KONEM(FPT) 
 
C     use this file to record Error Messages 
          open(12 ,file='C:\~~~\UMAT CODES\ 
     1 BMG__a.txt',status='unknown') 
************************************  
*    Some lines are ommited from this code* 
************************************ 
        END IF if_STEP  
 
C THIS SUBROUTINE [KPROD] MULTIPLIES TWO 3 BY 3 MATRICES [A] 
AND [B],AND PLACE THEIR PRODUCT IN MATRIX [C].  
    CALL KPROD ( ANT_am,FPT_am,PRT1_FPTAU_am) 
       
************************************  
*    Some lines are ommited from this code* 
************************************ 
C     this subroutine calculates the Cauchy stress                             
      call KCOUCHYSTRESS(DETFTAU,FETAUT,TPTAU,STRESSTAU) 
************************************  
*    Some lines are ommited from this code* 
************************************ 
  
c    ------------------------------------------------------------------------ 
C     dissipative inelasitoc enregy for BMG composite intrinsic    
      plastic_work_inc_tot=vol_fr*PLASTIC_WORK_INC+  
     1 (1-vol_fr)* PLASTIC_WORK_INC_am   
c    ------------------------------------------------------------------------ 
C    updating internal energy  
      enerInelasNew(I)=enerInelasOld(I)+plastic_work_inc_tot/density(I) 
c    ------------------------------------------------------------------------ 
C     UPDATE THE SPECIFIC INTERNAL ENERGY PER UNIT MASS 
      if_internalE: if (ndir+2*nshr .LT.6)then 
       
               stressPower = half * ( 
     1    ( stressOld(i,1)+stressNew(i,1) )*strainInc(i,1) 
     1    +     ( stressOld(i,2)+stressNew(i,2) )*strainInc(i,2) 
     1    +     ( stressOld(i,3)+stressNew(i,3) )*strainInc(i,3) 
     1    + two*( stressOld(i,4)+stressNew(i,4) )*strainInc(i,4)) 





















*    Some lines are ommited from this code* 
************************************ 
  
        enerInternNew(i) = enerInternOld(i) 
     1    + stressPower / density(i) 
       
5    continue 
      return 
      END SUBROUTINE vumat 
 
13) Updating of 
dissipated inelastic 
energy per unit mass 
14) End of VUMAT 
subroutine 
